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Summary
A crystal-mechanics-based constitutive model for martensitic reorientation, detwin-
ning and austenite-martensite phase transformation in single crystal shape-memory
alloys (SMAs) has been developed from basic thermodynamics principles. The
model has been implemented in the ABAQUS/Explicit finite-element program by
writing a user-material subroutine. Finite-element calculations of polycrystalline
SMAs’ responses were performed using two methods: (1) The full finite-element
model where each finite element represents a collection of martensitic microstruc-
tures which originated from within an austenite single crystal, chosen from a set of
crystal orientations that approximate the initial austenitic crystallographic texture.
The macroscopic stress-strain responses are calculated as volume averages over the
entire aggregate: (2) A simplified model using the Taylor assumption where an
integration point in a finite element represents a material point which consist of
sets of martensitic microstructures which originated from within respective austen-
ite single-crystals. Here, the macroscopic stress-strain responses are calculated
through a homogenization scheme. A variety of experiments were performed on an
initially-martensitic polycrystalline Ti-Ni rod, sheet and a single crystal NiMnGa
undergoing martensitic reorientation and detwinning. The predicted mechanical
responses from the respective finite-element calculations are shown to be in good
v
accord with the corresponding experiments.
Texture effects on martensitic reorientation in a polycrystalline Ti-Ni sheet in
the fully martensitic state were also investigated by conducting tensile experiments
along different directions, and shape-memory effect experiments were conducted by
raising the temperature of the post-deformed tensile specimens. The stress-strain-
temperature responses from the specimens undergoing the shape-memory effect
were reasonably well predicted by the constitutive model.
Finally, an isotropic constitutive model has also been developed using the well-
established theory of isotropic metal plasticity and rubber elasticity, and was im-
plemented in a finite-element program. The constitutive model and its numerical
implementation were also verified with the aforementioned experimental results.
This simple model provides a reasonably accurate and computationally-inexpensive
tool for the design of SMA engineering components.
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Overview of shape-memory alloys
Shape-memory alloys (SMAs), a relatively new type of metallic alloys, have fas-
cinating material characteristics and a promising future. They are usually called
shape-memory alloys because they have the ability to ’memorize’, or recover to
their original shapes upon heating even after large deformation, which is a unique
thermomechanical property ordinary metals and alloys do not have. This behavior
was first observed in a Au-47.5at%Cd alloy in 1951 by Chang and Read (1951), and
was publicized by its discovery in a Ti-Ni alloy in 1963 by Buehler et al. (1963). Of
the various types of SMAs, e.g. Ti-Ni, Cu-Al-Ni, Au-Cd, etc, the polycrystalline
Ti-Ni (or Nitinol) is currently the most widely used in research and industry due
to its larger deformation strain (≈ 7%), high damping capacity, good chemical
resistance and bio-compatibility, etc. (see Figure 1.1(c)).
Although much research had been done after the first discovery of SMAs, it
1
2was not until the recent two decades that researchers could understand its complex
behavior well enough to put SMAs into practice. The SMAs are now being practi-
cally used as new functional alloys for pipe couplings, antennae for cellular phones
and various actuators (see Figure 1.1(a)) in electrical appliances, etc. Furthermore,
they have also attracted attention as promising candidates for smart materials in
the MEMS (Micro-electro-mechanical Systems) field (see Figure 1.1(b)) since they
function as sensor as well as actuators.
SMAs can ’memorize’ their own original shape since they have the ability to
undergo reversible and non-diffusive phase transformations between their high tem-
perature, low stress and high symmetry phase, austenite, and their low tempera-
ture, high stress and low symmetry phase, martensite (see Figure 1.2(a)). This
unique ability leads to two technologically important types of behavior: (1) su-
perelasticity (to be abbreviated SE hereafter), and (2) the shape-memory effect
(SME). A schematic diagram for superelasticity and the shape-memory effect is
shown in Figure 1.2(b).
Superelasticity is the behavior exhibited by SMAs above the austenite finish
temperature, θaf
1 under pure mechanical loading, which is associated with a large
nonlinear recoverable strain upon loading and unloading. This is a consequence
of a stress-induced transformation from austenite to martensite and back between
zero and a finite (≈ 5%) strain, under quasi-static conditions. There is little or no
permanent/residual deformation left in the specimen after such a strain cycle, which
gives an impression that the material has only undergone elastic deformation, hence
the term superelastic. The superelastic behavior is also discussed very thoroughly
1In the absence of stress, shape-memory alloys will be in the fully austenitic phase for tem-
peratures above θaf and fully martensitic for temperatures below θmf .
3in Otsuka and Wayman (1999).
In contrast, the shape-memory effect occurs under a combination of both me-
chanical and thermal loading. It is a unique property of certain alloys exhibiting
stress-induced martensite-martensite transformation below the martensite finish
temperature, θmf under mechanical loading followed by martensite to austenite
phase transformation when the deformed alloy is heated above the austenite finish
temperature, θaf . A characteristic feature of shape-memory effect is martensitic
reorientation and detwinning, whose mechanisms can be explained in the following
section:
Martensitic reorientation and detwinning in SME
The macroscopic thermomechanical response of shape-memory effect can be ex-
plained with the aid of Figure 1.2(b). After an initially austenitic SMA is cooled
below θmf , it transforms from a cubic phase to a low symmetry
2 martensitic phase.
When this SMA is deformed, martensitic variant reorientation 3 and the detwin-
ning of martensite occur (to be explained later). It is usually associated with an
evident inelastic deformation in the stress-stain curve. At the end of this inelastic
deformation, all the martensite plates are fully detwinned. Reverse deformation
will cause elastic unloading of the reoriented/detwinnned martensite. After com-
plete unloading, there is a residual deformation accumulated. As the temperature
is increased to above θaf the residual deformation would be recovered and complete
transformation from martensite to austenite would have taken place: the material
will be in the fully austenitic state again. Therefore the shape-memory effect is
2For example, martensitic Ti-Ni alloy has a monoclinic crystal structure, while martensitic
NiMnGa alloy has a tetragonal crystal structure.
3Habit-plane variant (hpv) and lattice correspondence variant (lcv) reorientation are collec-
tively termed as variant reorientation.
4defined as the transformation from twinned martensite to reoriented/detwinned
martensite to austenite.
As a unique phenomenon of SME, martensitic reorientation and detwining can
be more clearly illustrated by connecting the macroscopic thermomechanical be-
havior in SME with its corresponding microstructural evolution upon loading (see
Figure 1.3). When an initially single-crystal SMA is cooled to below θmf under
stress-free conditions (a→ b), austenite transforms into multiple twinned marten-
site plates, separated by interfaces which will minimize the macroscopic deforma-
tion (also called self-accommodation). Upon closer inspection, each martensitic
plate (or habit-plane variant (hpv)) consists of two lattice correspondence variants
(lcv). There are typically two types of interfaces: (1) the interface between two hpv
systems 4 and (2) the interface between the two lcvs in each hpv system. The ap-
plication of stress in the fully martensitic SMA causes both two types of interfaces
to move (b → c/d). The motion of inter-martensite hpv interface is termed hpv
reorientation whereas the motion of inter-lcv interface is termed detwinning. If the
temperature is raised to above θaf , the martensite reverts back to the single-crystal
austenite (c/d→ a).
Experimental investigations on martensitic reorientation and detwinning
Extensive experimental work has been conducted on the reorientation of marten-
site and the shape-memory effect. Some experimental investigations on the shape-
memory effect of SMAs were performed by Shroeder and Wayman (1977) and
Miyazaki et al. (1989a) (1989b). Xie et al. (1998) and Liu et al. (1998) have con-
ducted very careful tension and compression experiments along the rod-axis to
4A hpv system is also called variant pairs in other researcher’s work, i.e. a pair of lcvs.
5investigate the behavior of martensitic reorientation and detwinning in polycrys-
talline Ti-Ni. As shown by their experimental results (Xie et al., 1998; Figure 1(a)),
polycrystalline Ti-Ni exhibited an asymmetry in the stress-strain response between
tension and compression experiments due to the martensitic microstructure that
forms during the deformation. Liu et al. (1999a) have conducted tensile experi-
ments on a polycrystalline Ti-Ni sheet along rolling and transverse directions in
the fully martensitic state, and showed that the martensitic reorientation process
strongly depends on texture. An asymmetry in the stress-strain response tested
along different orientations was also shown. The aforementioned observed asym-
metries in the stress-strain curves were attributed to the crystallographic texture
and martensitic microstructure which exist initially in the material. Finally, the
experiments of Liu et al. (1998) also showed that the deformation due to hpv re-
orientation/detwinning is rate-independent.
Effect of crystallographic texture and martensitic microstructure
It is now well-recognized that SMAs derive their unusual and inherently nonlinear
and anisotropic properties from the fine-scale rearrangements of phase, or ’mi-
crostructures’. In particular, SMAs are typically polycrystalline in nature, and
are usually processed by casting, followed by hot-working (drawing for rods and
wires, and rolling for sheet) and suitable heat treatments. Other processing means
like rapid solidification and sputtering also endow the polycrystal with texture.
Polycrystalline SMAs so produced are usually strongly textured, which has been
noticed by some researchers (eg. Liu et al., 1999a; Inoue et al., 1996; Shu and Bhat-
tacharya, 1998; Gall and Sehitoglu, 1999) to be an important factor in determining
the thermomechanical responses during martensitic reorientation and detwinning
6as well as austenite-martensite phase transformation.
In addition to crystallographic texture, the initial martensitic microstructure is
another important factor in determining the thermomechanical behavior of SMAs
undergoing martensitic reorientation and detwining. Extensive work has been
done to study the formation of martensitic microstructures upon cooling to below
θmf from the austenitic phase. Some of the studies on the self-accommodation
of martensite have been conducted by Miyazaki et al. (1989a) (1989b), Bhat-
tacharya (1992) and Madangopal (1997). These studies indicated the martensitic
transformation in Ti-Ni alloys involves the formation of a typical triangular mor-
phology consisting of three variants. The observation and calculations support the
view that the triangular morphology satisfies the self-accommodation conditions
from both the macroscopic strain and microscopic crystallographic point of view.
More specifically, the work of Bhattacharya (1992) deals with the derivation of cer-
tain mathematical conditions that need to be satisfied for the self-accommodation
of martensite to be possible in shape-memory alloys. The structure of marten-
sitic self-accommodation was experimentally investigated in the work of Miyazaki
et al. (1989a) (1989b), and Madangopal (1997) by means of direct microstructure
observation with the help of either SEM or TEM.
Constitutive models for martensitic reorientation and detwinning
In the past few decades, lots of research work has been done to characterize su-
perelasticity, whereas few efforts have been made in the constitutive modeling for
martensitic reorientation and detwinning in shape-memory alloys. With the in-
creasing application of SMAs using shape-memory effect, the characterization of
martensitic reorientation and detwinning has become crucial in determining the
7thermomechanical behavior of SMA components. For example, the micro-gripper
and the self-expandable biomedical stent shown in Figures 1.1(b) and (c), respec-
tively, are pre-deformed in initially fully martensitic state before heat-recovery.
The study of the constitutive models for reorientation of martensite and the
shape memory effect attracts the interest of researchers in solid mechanics. Several
constitutive models have been proposed by Abeyaratne et al. (1994), Auricchio et
al. (1997), Buisson et al. (1991), Fang et al. (1999), Helm and Haupt (2003), Juhasz
et al. (2004), Marketz and Fischer (1996), and Tokuda et al. (1999), Sittner and
Novak (2000) etc. Abeyaratne et al. (1994) constructed an explicit one-dimensional
continuum model by deriving the kinetic relation from the thermal activation the-
ory for the interface of ’tension-preferred’ and ’compression preferred’ martensite
variants. Auricchio and Taylor (1997) have developed a finite-strain and isotropic-
plasticity-based model for martensitic reorientation (as well as superelasticity).
However, no experimental verification of the martensitic reorientation portion of
their model was performed. Several researchers have used micro-mechanical mod-
eling in order to incorporate the actual microscopic deformation mechanisms into
shape memory alloy constitutive models. With the proper physical framework, it
is expected that micro-mechanical models can capture a wide range of experimen-
tally observed macroscopic deformation phenomenon such as tension/compression
asymmetry.
Marketz and Fischer (1996) developed a micromechanical approach to predict
the effect of microstructural rearrangements in a Cu-Al-Ni shape memory alloy
in the fully martensitic state on the macroscopic mechanical behavior in uniaxial
tension. By checking the thermodynamic admissibility of any small increment
8of the reorientation process the corresponding required magnitude of externally-
applied tensile stress can be calculated and the related overall mechanical behavior
can be determined by the stress-strain curve. The micro-macro transition was
performed by an averaging procedure for each crystallite and a finite element based
periodic microfield approach. As shown in their simulation, polycrystalline Cu-Al-
Ni exhibited the tension-compression asymmetry but there was no corresponding
experimental verification.
In the constitutive models developed by Fang et al. (1999) and Sittner and
Novak (2000), the crystallographic theory for martensitic transformation was em-
ployed to calculate the orientations of martensite variants and the transformation
plastic strain. And experimental data were compared with theoretical calculation
obtained using the generalized constitutive model based on micromechanics. The
simplified two-dimensional model proposed by Tokuda et al. (1999) for martensitic
reorientation was constructed on the basis of the crystal plasticity and the defor-
mation mechanism of SMA. In their model, the variants in the crystal grains and
the orientations of crystal grains in the polycrystal as well as the volume fraction of
the martensite variants in the transformation process were considered. The model
was experimentally verified for Cu-Al-Ni single crystals.
However, these models above did not take into account lcv detwinning and
were also developed using small strain theory, which neglects the effects of finite
rotations at a material point.
Recently, Thamburaja (2005) developed a crystal-mechanics-based constitutive
model for martensitic reorientation and lcv detwinning in shape-memory alloys by
9using finite deformation theory. The model together with its numerical calcula-
tions reproduced the stress-stain response of a polycrystalline Ti-Ni rod in sim-
ple tension and simple compression to good accord. Particularly, the constitutive
model captured the tension-compression asymmetry, and with the aid of the full-
finite-element simulations, the higher transformation strain exhibited in the simple
tension experiment was attributed to the lcv detwinning of the hpv’s. However,
this model, like all the models mentioned previously 5, had limited applicability in
real three-dimensional situations because there was a lack of pedigree multi-axial
experimental data. This model described the reorientation of martensites in single
crystals, but was merely verified by experiments on polycrystalline SMAs instead of
single-crystal SMAs. In addition, it has not been investigated whether this model
was capable of reproducing experimental results for a different set of textures e.g.
sheet, ribbon, etc. Moreover, this model did not include the effect of shape-memory
and was computationally-expensive, both of which limited its applicability in the
shape-memory effect of SMA components.
To conclude, until now, none of these prior constitutive models for maretensitic
reorientation in SMAs has met all of the following criteria:
• Three-dimensional
• Formulated using finite deformation theory
• Taking into account of lcv detwinning and the shape-memory effect
• Verified under multi-axial stress state for both polycrystalline and single-
crystal SMAs
5In fact, the predictions from these models, which have been calibrated from data for simple
tension/compression, have not even been verified for the case of simple shear.
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• Capturing main features of anisotropy in polycrystalline SMAs
• Computationally-inexpensive and applicable to practical use of SMA compo-
nents
Purpose and scope of study
The main purpose of this thesis is to develop and numerically implement consti-
tutive models for martensitic reorientation and the shape-memory effect in SMAs
according to the aforementioned criteria.
Building on the prior work of Thamburaja (2005), a three-dimensional crystal-
mechanics-based constitutive model for martensitic reorientation, lcv detwinning
and austenite-martensite phase transformation is developed by using the finite
deformation theory and experimentally verified under uni/multi-axial stress state
for its capability to accurately describe the thermomechanical behavior of textured
polycrystalline SMAs and single-crystal SMAs.
In addition, a computationally-inexpensive isotropic-plasticity-based constitu-
tive model is also developed for the practical application of SMAs. Unlike the
crystal-mechanics-based model in which the transformation tensors are determined
by crystallographically based dyads, the transformation tensor in the isotropic
model is based on considerations for the stress state (flow rule) during martensitic
reorientation and austenite-martensite phase transformation. An isotropic model
based on such a flow rule, when suitably numerically implemented and calibrated,
and its range of applicability verified, could be used at a relatively lower computa-
tional cost to efficiently design polycrystalline SMA engineering components before
any actual prototype is built. However, the isotropic model does not incorporate
the effect of initial crystallographic texture and martensitic microstructure, which
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makes it a less accurate but cost-effective choice other than the crystal-mechanics-
based model.
Those models to be developed shall capture the main features of the experimentally-
measured material anisotropy in polycrystalline SMAs (see Figure 1.4). The ex-
pected advantage of applying these models, over existing constitutive models is
higher accuracy in predicting thermomechanical responses of SMA components
under multi-axial loading conditions.
Another purpose of this study is to evaluate the applicability of these developed
models to predict the thermomechanical responses of SMA components in practical
use, and to examine whether these models, together with their implemented finite-
element programs, are able to facilitate the design of new SMA components in the
near future.
The verification of these constitutive models will be mainly based on the ex-
perimental results on polycrystalline Ti-Ni, which has drawn world-wide attention
as a promising candidate for numerous applications and hence is the focus of this
study. In addition, single-crystal NiMnGa will also be used for the experimental
verification of the single-crystal constitutive model.
Thesis outline
The outline of this thesis is listed below:
In Chapter 1, a brief introduction of this dissertation and a literature review of
previous work in this field are provided.
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In Chapter 2, a rate-independent single-crystal constitutive model for marten-
sitic hpv reorientation, lcv detwinning and austenite-martensite phase transforma-
tion is formulated from the basic kinematic, balance law and thermodynamics prin-
ciples. Here the inelastic deformation is due to the reorientation and detwinning of
martensitic microstructures as well as austenite-martensite phase transformation.
The effect of finite rotation is also considered by using the large deformation theory
in continuum mechanics. We also implement our constitutive model in the finite-
element program ABAQUS/Explicit (ABAQUS, 2005) by writing a user-material
subroutine.
In Chapter 3.1.1, the material parameters in the constitutive model developed
in Chapter 2 for a polycrystalline Ti-Ni rod are fitted to an isothermal tensile
experiment in initially martensitic state. The procedures to determine the initial
crystallographic texture and martensitic microstructure are also provided. With
the model calibrated, the predictions for the stress-strain curves from full finite-
element simulations are made to compare with the corresponding experiments in
compression, torsion, combined tension-torsion and nonproportional path-change
tension-torsion. We also evaluate the possibility of applying the Taylor-type poly-
crystalline model for inelastic deformation caused by martensitic reorientation and
detwinning. In Chapter 3.1.2, we employ the constitutive model and its numeri-
cal implementation to study the effect of texture on the martensitic reorientation
and the shape memory effect in a polycrystalline Ti-Ni sheet. In Chapter 3.2, we
evaluate this single-crystal constitutive model for variant reorientation in a single-
crystal SMA. This model is further verified by conducting predictions for a variety
of simple compression, plain strain compression, compression-tension and three
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point bend experiments on single-crystal NiMnGa shape-memory alloy undergo-
ing martensitic reorientation. The effect of initial starting microstructure on the
overall deformation behavior of NiMnGa single crystals is also investigated.
In Chapter 4, guided by the success of the constitutive model formulated in
Chapter 2, we develop an isotropic constitutive model for martensitic reorientation
and austenite-martensite phase transformation using the well-established theory
of isotropic metal plasticity and rubber elasticity. The model is implemented in
the finite-element program ABAQUS/Explicit (ABAQUS, 2005) by writing a user-
material subroutine.
In Chapter 5.1, we examine the applicability of an isotropic-plasticity based
constitutive model to reproduce the experimentally-measured thermomechanical
responses of textured polycrystalline rod and sheet-type SMA components, whose
experimental results are reported in Chapter 3. The model is implemented in
the finite-element program ABAQUS/Explicit(ABAQUS, 2005) by writing a user-
material subroutine. In Chapter 5.2, we use our computational capacity to show
that it could used to analyze the shape memory effect response of a geometrically
complex SMA component - a self-expandable biomedical stent in surgical thermal
deployment into a plaqued artery.





Figure 1.1: (a) Shape-memory based actuation device (Grant, D. and Hayward, V.,
1995). (b) NiTi shape memory alloy thin film based micro-gripper (Huang, W.M.
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Figure 1.2: (a) Differential scanning calorimetry (DSC) thermogram for polycrys-
talline sheet Ti-Ni used in shape memory experiments. (b) Schematic diagram of
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Figure 1.3: (a) Macroscopic stress-strain-temperature response of a shape-memory
alloy undergoing martensitic hpv reorientation, detwinning, and the shape-memory
effect.(b) Schematic diagram for the single-crystal austenite to martensite trans-
formation, a→ b; reorientation/detwinning of martensite (b→ c/d); martensite to
single-crystal austenite transformation (c/d→ a). The corresponding positions of
the graph in (a) match with the state of the microstructure shown in (b).
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Figure 1.4: (a) Experimental stress-strain curves for textured polycrystalline Ti-
Ni rod at 295K in simple tension and simple compression. For compression the
absolute values of stress and strain are plotted. (b) Experimental stress-strain
curves for textured polycrystalline Ti-Ni sheet at 200K in simple tension along the




In this chapter we describe the three-dimensional crystal-mechanics-based consti-
tutive model developed in this study for martensitic reorientation, detwinning and
austenite-martensite (A-M) phase transformation. This model is based on the work
of Thamburaja et al. (2005).
The overall inelastic deformation of a crystal is always inhomogeneous at length
scales associated with the ‘microstructures’ accompanying the martensite-martensite
and austenite-martensite phase transformations. Thus, for the continuum level of
interest here, the inelastic deformation should be defined as an average over a vol-
ume element that must contain enough lenticular transformed regions to result in
an acceptably smooth process. The smallest such volume element above which the
inelastic response may be considered smooth, is labeled a representative-volume
element (RVE). Here we consider the transformation of single crystal austenite →
twinned hpv systems → reoriented/detwinned martensite → austenite, i.e., the
18
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shape memory effect shown in Figure 1.3(b). We shall choose a representative-
volume element (RVE) which consists of the set of martensite hpvs and variants
that originally nucleated from within a single crystal austenite once cooled to below
θmf (state b in Figure 1.3(b), which will also be the reference configuration). We
further assume that all the formed interfaces are coherent and the motion of the
twin boundaries are rate-independent i.e the twin interfaces will move if the resolved
driving force on the detwinning/reorientation system reaches a critical value. In
our model, we will allow for reorientation and detwinning to occur simultaneously.
For later use, we denote the volume fraction of martensite corresponding to the
ith hpv system in an RVE by ξi, with 0 ≤ ξi ≤ 1. The total volume fraction of
martensite in a crystal, ξ =
∑
i
ξi must lie in the range 0 ≤ ξ ≤ 1. In the present
work, the RVE will be fully martensitic at all times i.e. ξ = 1 and therefore ξ˙ = 0.
Since there are two lcvs existing in a given hpv, we denote the volume fraction
of a lcv within an hpv system i by λi, with 0 ≤ λi ≤ 1. Naturally, the volume
fraction of the other lcv is 1− λi.
The governing variables in the constitutive model are taken as:
(i) The Helmholtz free energy per unit reference volume, ψ.
(ii) The Cauchy stress, T.
(iii) The deformation gradient1, F = ∇y with detF > 0. Here y = yˆ(x, t) is
the position of a material point in the current configuration, and x is the position
of the corresponding material point in the reference configuration.
1Notation: ∇ and Div denote the gradient and divergence with respect to the material point
x in the reference configuration. The gradient with respect to the material point y in the current
configuration will denoted by grad. For a tensor A with detA 6= 0, A> denotes the transpose
of the tensor A, A−1 denotes the inverse of the tensor A, and A−> = (A−1)>. Also the inner
product of tensor A and B is denoted by A · B, and the magnitude of A by |A| = √A ·A.
Finally, sym(A) = (1/2)(A+A>) denotes the symmetric portion of tensor A, whereas skew(A) =
(1/2)(A−A>) denotes the skew portion of tensor A.
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(iv) Absolute temperature, θ.
(v) The inelastic deformation gradient, Fp with detFp > 0.
(vi) The thermoelastic deformation gradient, Fe with detFe > 0. It describes
the elastic distortion of the lattice that gives rise to the Cauchy stress T. From
the Kroner-Lee decomposition (Kroner, 1960; Lee, 1969), the thermoelastic defor-
mation gradient is given by
Fe = FFp−1. (2.0.1)
(vii) Crystal detwinning systems labelled by integers i. As shown in Figure 3.1
each hpv system consists of two lcvs with separated by multiple interfaces. We will
idealize the structure within the hpv system by replacing the multiple interfaces
with a single interface with the variant volume fraction of λi and 1−λi on each side
of the interface. Each detwinning system is then specified by a normal vector wi0 to
the detwinning plane with |wi0| = 1, and a vector ai0 denoting the shear direction.
Here wi0 and a
i
0 are orthogonal to each other. The scalar shear strain of the ith
detwinning system is given by |ai0|. The detwinning transition tensor within hpv




The detwinning transition tensors Si0 are constants and known in the reference
configuration.
(viii) The hpv reorientation transition tensors Zij0 labelled by integers i and j.
Let us consider the nucleation of twinned martensite from within a single crys-
tal austenite as the temperature is cooled to below θmf (state a → b), as shown
schematically in Figure 3.1(b). Since two lcvs exist within a hpv system, the trans-
formation from austenite to martensite i/j will result in the variant twin fractions
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within the martensite hpv system i/j having proportions of (λ
i/j
0 , 1− λi/j0 ), where
λ
i/j
0 is the initial value of λ
i/j within hpv system i/j to satisfy the compatibility
between the A-M interfaces upon its first formation. Neglecting the elastic de-









0 is the normal vector to the habit plane with |mi/j0 | = 1, and
vector b
i/j
0 denotes the transformation direction. The transformation direction b
i/j
0
has a transformation strain magnitude of |bi/j0 |. The vectors mi/j0 and bi/j0 are not
necessary orthogonal to each other. The quantities {mi0,bi0,wi0, ai0} can be calcu-
lated from the crystallographic theory of martensite transformation (CTM) (Ball
and James, 1987; Hane and Shield, 1999)2. In this work, all the crystallographic
quantities will be in the cubic crystal basis. Under the application of stress 3 hpv
reorientation and lcv detwinning (for example, state b→ c) occurs. Following hpv
reorientation and detwinning the deformation with hpv system i/j is given by
Fi/jc = 1+ b
i/j
0 ⊗mi/j0 + (λi/j − λi/j0 )ai/j0 ⊗wi/j0 (2.0.4)
Therefore the reorientation transition tensor for the twin plane between hpv system
i and j is given by
Zij0 = F
i
c−Fjc = bi0⊗mi0+(λi−λi0)ai0⊗wi0−bj0⊗mj0− (λj−λj0)aj0⊗wj0. (2.0.5)
Note that reorientation can occur in either the positive or negative shear/transformation
direction on a twin plane. Therefore the condition i < j will be enforced for equa-
tion (2.0.5) to avoid double counting of the hpv reorientation systems.
2In this work the ai0 vector is the U
−1ai0 vector in the work of Hane and Shield 1999.
3Here the hpv reorientation and detwinning process states b → c or b → d are identical. In
this dissertation, we assume that all interfaces, i.e., inter-hpv reorientation, inter-lcv detwinning
and A-M phase transformation habit plane interfaces, remain coherent at all times
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(ix) The hpv transformation system volume fractions, 0 ≤ ξi ≤ 1.
(x) The lcv twin fractions, 0 ≤ λi ≤ 1. From the calculations of the CTM
theory the hpvs that are formed share common detwinning systems with other
hpvs. Therefore, it is more convenient to introduce an effective variant volume





for the hpv systems α which share the same detwinning system i. This is done to
make sure each detwinning system is not counted more than once i.e. independent
of each other. Here, 0 ≤ ζ i ≤
∑
α
ξα. We will denote ζ ic ≡
∑
α
ξα as the maximum
value for the effective variant volume fraction in an RVE for detwinning system i.














ξα is the effective detwinning rate of detwinning system i common
to hpv systems α. Thus the generation of the effective variant volume fraction is
due to the detwinning (the first term on the right-hand side of equation (2.0.7))
and hpv reorientation (the second term on the right-hand side of equation (2.0.7)).
Although it has been shown to be mathematically impossible for an A-M in-
terface to nucleate between austenite and a detwinned martensite hpv system i
in Ti-Ni, i.e. if λi 6= λi0 (Hane and Shield, 1999), we will assume for the present
work that the recovery from detwinned martensite to austenite (state c → a) will
take place by a nucleation and propagation of A-M interfaces. Neglecting the
deformation of austenite the transition tensor for the interface between the unde-
twinned/detwinned hpv system i and austenite,
Pi0 = F
i
c − 1 = bi0 ⊗mi0 + (λi − λi0)ai0 ⊗wi0 (2.0.8)
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From equation (2.0.8) in the absence of detwinning, i.e., if λi 6= λi0, the tensor
Pi0 = b
i
0⊗mi0 which is the classical hpv transition tensor used in Thamburaja and
Anand (2001).
To construct the single crystal constitutive equations for martensitic reorien-
tation and detwinning, we consider a continuum occupying a region R0 of the
reference body with n0 the outward unit normal on its boundary denoted by ∂R0.
Furthermore, the volume integral and area integral in the reference configuration
is denoted by ∂V0 and ∂A0, respectively.
Kinematics
From kinematics, using F = FeFp gives us the total velocity gradient
L ≡ grad y˙ = F˙F−1 = Le + FeLpFe−1 (2.0.9)
where
Le = F˙eFe−1, Lp = F˙pFp−1 (2.0.10)
is the elastic and inelastic velocity gradient, respectively.













The first term on the right-hand side of equation (2.0.11) is due to detwinning
i.e. lcv twin plane motion, whereas the second term on the right-hand side of
equation (2.0.11) is due to hpv reorientation. Here, ˙¯λi represents the effective
detwinning rates. Guided by the work of Fang et al. (1999), γ˙ij represents the
hpv reorientation rates. For the γ˙ij terms in equation (2.0.11), we again have the
condition i < j, i.e. no double counting of the hpv reorientation systems. If ˙¯λi > 0
or ˙¯λi < 0, detwinning of system i occurs. Forward detwinning occurs when ˙¯λi > 0,
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and reverse detwinning occurs when ˙¯λi > 0. Similarly, if γ˙ij > 0 or γ˙ij < 0,
reorientation between hpv system i and j occurs. Forward hpv reorientation occurs
when γ˙ij > 0, and reverse hpv reorientation occurs when γ˙ij > 0. If ˙¯λi = γ˙ij = 0,
neither detwinning nor hpv reorientation occurs. The last term on the right-hand
side of equation (2.0.11) represents A-M phase transformation. Here, ξ˙
i0
represents
the A-M transformation rates. Forward A-M transformation, i.e. austenite to
martensite transformation occurs when ξ˙
i0
> 0, and reverse A-M transformation,
i.e. martensite to austenite transformation occurs when ξ˙
i0








H ijkγ˙jk, j < k with i = 1, .., P ; j = 1, .., P − 1; k = 2, .., P
(2.0.12)




= 1 if i = j
= −1 if i > j and i = k
= 0 otherwise.
Next, we define a frame-invariant 4 measure of an elastic strain
Ee = (1/2)(Ce − 1) with Ce = Fe>Fe. (2.0.13)
Taking the time derivative of equation (2.0.13) yields
sym(Le) = Fe−>E˙eFe−1. (2.0.14)
Balance of linear momentum
4Under the transformations of the form y → Q(t)y + c(t) where Q(t) is a proper orthogonal
rotation tensor and c(t) a translational vector, the deformation gradient transforms as F→ QF.
Using F = FeFp we therefore have FeFp → QFeFp. Since the reference configuration and the
configuration determined by Fp are independent of the choice of such change in frame (Anand
and Gurtin, 2003b) we have Fp → Fp and Lp → Lp. Therefore Fe → QFe.
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ρ0 y˙ ∂V0 (2.0.15)
where S = (detF)TF−> and f is the first Piola-Kirchoff stress tensor and body
force vector per unit reference volume, respectively. Here ρ0 = ρˆ0(x) is the mass
density per unit reference volume. Using the divergence law in equation (2.0.15)
and localizing the result for every part in R0 yields
DivS+ f = ρ0y¨. (2.0.16)
Balance of angular momentum
From the balance of angular momentum in the reference configuration, we have
∫
∂R0
y × Sn0 ∂A0 +
∫
R0




y × ρ0 y˙ ∂V0. (2.0.17)
Applying the divergence law on equation (2.0.17) and localizing the result for every
part in R0 along with S = (detF)TF−> and equation (2.0.16) yields
T = T>. (2.0.18)
Thus the Cauchy stress is symmetric.
Balance of energy
In the reference configuration, the first law of thermodynamics (the balance of





















where ² is the internal energy per unit reference volume, q0 the referential heat
flux, and g the heat generation rate per unit reference volume.
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Using the divergence law in equation (2.0.19) and localizing the result for every
part in R0 along with equation (2.0.16) yields
S · F˙−Divq0 + g = ²˙. (2.0.20)
Entropy imbalance
In the reference configuration, the second law of thermodynamics (entropy imbal-
















where η is the entropy per unit reference volume. We introduce the Helmholtz free
energy per unit reference volume
ψ = ψˆ (Ee, θ, ξ) = ²− ηθ −→ ψ˙ = ²˙− η˙θ − ηθ˙. (2.0.22)
Applying the divergence law on equation (2.0.21) and localizing the result for every















· ∇θ ≥ 0 (2.0.23)
with
T∗ = (detF)Fe−1TFe−> (2.0.24)
being the second Piola-Kirchoff elastic stress.
Free energy
Guided by the work of Anand and Gurtin (2003b) and neglecting martensite-
martensite interaction the Helmholtz free energy per unit reference volume is taken
to be in the separable form
ψ(Ee, θ, ξ) = ψe(Ee, θ) + ψp(ξ, θ) + ψθ(θ), (2.0.25)
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where




(θ − θT ) ξ
and
ψθ(θ) = c(θ − θ0)− cθlog(θ/θ0).
Here C is the fourth-order elasticity tensor and A is the second-order thermal
expansion tensor, with θ0 being the reference temperature. We will treat C and
A as constants. Furthermore, hT is the latent heat per unit reference volume
released/absorbed during austenite-martensite transformations at the phase equi-
librium temperature5, θT , and c is the specific heat per unit reference volume.
Using equation (2.0.25) and since ξ˙ = 0, the local form of the second-law of












θ˙ + (CeT∗) · Lp − q0
θ
· ∇θ ≥ 0. (2.0.26)
We will use Inequality (2.0.26) as a basis to derive the constitutive equations for
martensitic reorientation.
Constitutive equation for elastic stress and entropy
From Inequality (2.0.26), consider the special case when Lp = 0, ∇θ = o, and












for Inequality (2.0.26) to be satisfied at all times. Therefore, the constitutive
5The phase equilibrium temperature θT is the temperature where the free energy of the austen-
ite and martensite phase are equal.
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= C[Ee −A(θ − θ0)]. (2.0.28)
Again, from Inequality (2.0.26), consider the special case when Lp = E˙e = 0





can be varied independently of θ˙, we must have
η = − ∂ψ
∂θ
(2.0.29)
for Inequality (2.0.26) to be satisfied at all times. The constitutive relation for the
entropy is given by
η = − ∂ψ
∂θ
= A · C[Ee] + clog(θ/θ0)− hT
θT
ξ. (2.0.30)
Detwinning, hpv reorientation and A-M phase transformation criteria
The reorientation conditions developed here are akin to the yield criteria in rate-
independent crystal-plasticity theory. Substituting Equations (2.0.11), (2.0.27) and













· ∇θ ≥ 0 (2.0.31)
where
τ i ≡ (CeT∗) · Si0 (2.0.32)
is the resolved driving force on each detwinning system i,
σij ≡ (CeT∗) · Zij0 (2.0.33)
is the resolved driving force on each hpv reorientation system ij,
f i ≡ (CeT∗) ·Pi0 −
hT
θT
(θ − θT ) (2.0.34)
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is the resolved driving force on each A-M phase transformation system i.
We assume τ i, σij and f i to be independent of ∇θ, and q0 to be independent
of ˙¯λi, γ˙ij and ξ˙
i0
. In the case of ∇θ = 0 from Inequality (2.0.31) we obtain
∑
i







i0 ≥ 0. (2.0.35)
Furthermore, in the case of ˙¯λi = γ˙ij = ξ˙
i0
= 0, from Inequality (2.0.31) we obtain
−q0
θ
· ∇θ ≥ 0. (2.0.36)
We will assume that Inequality (2.0.35) and (2.0.36) always holds so that Inequal-
ity (2.0.31) is always satisfied.
Furthermore, Inequality (2.0.35) will always be satisfied if
τ i ˙¯λi ≥ 0 (2.0.37)
for each detwinning system i, and
σij γ˙ij ≥ 0 (2.0.38)
for each hpv reorientation system ij, and
f iξ˙
i0 ≥ 0 (2.0.39)
for each A-M phase transformation system i.
We will assume that Inequalities (2.0.37), (2.0.38) and (2.0.39) always hold as
well.
To rule out trivial cases, we further assume the material to be strongly dissipa-
tive (Anand and Gurtin, 2003b). Therefore the Inequalities (2.0.37), (2.0.38) and
(2.0.39) will take the form
τ i ˙¯λi > 0 if ˙¯λi 6= 0 i.e. sign(τ i) = sign( ˙¯λi) (2.0.40)
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and




> 0 if ξ˙
i0 6= 0 i.e. sign(f i) = sign(ξ˙i0) (2.0.42)




· ∇θ > 0 if ∇θ 6= 0. (2.0.43)
For a given detwinning system, we will assume the magnitude of the detwinning
resistance to be the same for forward detwinning and reverse detwinning. With
τ ic > 0 denoting the constant detwinning resistance from Inequality (2.0.40), the
assumption of rate-independence the quantities ˙¯λi and τ i are restricted as follows :
(1) If τ i < τ ic , or if τ
i > −τ ic , then ˙¯λi = 0.
(2) If τ i = τ ic , 0 ≤ ζ i < ζ ic and 0 < ζ ic ≤ 1 then
˙¯λi
˙
(τ i − τ ic) = 0 for forward detwinning. (2.0.44)
(3) If τ i = −τ ic , 0 < ζ i ≤ ζ ic and 0 < ζ ic ≤ 1 then
˙¯λi
˙
(τ i + τ ic) = 0 for reverse detwinning. (2.0.45)
(4) If τ i = −τ ic , ζ i = 0 and 0 < ζ ic ≤ 1, or if τ i = τ ic , ζ i = ζ ic and 0 < ζ ic ≤ 1, then
˙¯λi = 0.
If ζ ic = 0, no detwinning of system i can occur, i.e.
˙¯λi = 0 since the variant twin
plane interface does not exist.
Similarly, for a given reorientation system we will assume the magnitude of
the reorientation resistance to be the same for forward reorientation and reverse
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reorientation. With σijc denoting the constant reorientation resistance from In-
equality (2.0.41) and the assumption of rate-independence, the quantities γ˙ij and
σij are restricted as follows :
(5) If σij < σijc , or if σ
ij > −σijc , then γ˙ij = 0.





= 0 for forward hpv reorientation. (2.0.46)





= 0 for reverse hpv reorientation. (2.0.47)
(8) If σij = σijc and ξ
i = 1, or if σij = −σijc and ξi = 0, then γ˙ij = 0.
(9) If σij = σijc and ξ




i = 0, no hpv reorientation can occur i.e. γ˙ij = 0 for all i and j.
Similarly, for a given A-M phase transformation system we will assume the magni-
tude of the A-M phase transformation resistance to be the same for forward A-M
phase transformation and reverse A-M phase transformation. With f ic > 0 denot-
ing the constant critical transformation resistance for A-M phase transformation,
from Inequality (2.0.42) and the assumption of rate-independence, the quantities
ξ˙
i0
and f i are restricted as follows:
(10) If f i < f ic , or if f
i > −f ic , then ξ˙
i0
= 0.
(11) If f i = f ic , 0 ≤ ξi < 1 and 0 ≤ ξ < 1 then
ξ˙
i0 ˙
(f i − f ic) = 0 for forward A-M transformation. (2.0.48)
(12) If f i = −f ic , 0 < ξi ≤ 1 and 0 < ξ ≤ 1 then
ξ˙
i0 ˙
(f i + f ic) = 0 for reverse A-M transformation. (2.0.49)
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(13) If f i = f ic and ξ
i = 1, or if f i = −f ic and ξi = 0, then ξ˙
i0
= 0.
(14) If f i = f ic and ξ = 1, then ξ˙
i0
= 0.





When variant reorientation occurs within hpv system i, the twin plane between
hpv transformation system i and j can distort and not remain coherent. Ideally,
this will cause the resistance to the motion of the twin plane between hpvs i and
j to increase. The detwinning resistances and A-M phase transformation resis-
tances can also change during deformation. However, in the spirit of modelling
elastic perfectly-plastic materials, the detwinning, reorientation and A-M phase




c , respectively, are taken to be constants:
τ˙ ic = 0, σ˙
ij
c = 0 and f˙
i
c = 0. (2.0.50)
Energy balance
By using F = FeFp, Equations (2.0.11), (2.0.24), (2.0.27), (2.0.29), (2.0.32),











i0 −Divq0 + g. (2.0.51)















i0 −Divq0 + g. (2.0.52)
Therefore, the list of material parameters that needed to calibrated are
{C,A, τ ic , σijc , f ic , c, hT , θT} .
A time-integration procedure for the constitutive equations for martensite hpv
reorientation, lcv detwinning and austenite-martensite phase transformation has
been developed. The constitutive equations and the time-integration procedure
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have been implemented in the ABAQUS/Explicit (ABAQUS, 2005) by writing a
”user-material subroutine”. Algorithmic details of the time-integration procedure
used to implement the model in the finite-element code are given in Appendix A.
For comparison purposes, we have also converted the constitutive equations
listed above to a small-strain-based single-crystal constitutive model. Details of
the small-strain-based model are given in Appendix B. All the finite-element simu-
lations in this work were conducted using the finite-deformation-based constitutive





3.1 Evaluation of the Crystal-mechanics-based Con-
stitutive Model for Polycrystalline Ti-Ni Al-
loys
3.1.1 Uniaxial and Multi-axial Behavior of Polycrystalline
Rod Ti-Ni
Suitably processed polycrystalline Ti-Ni rods at 54.8wt.% Ti in the initially-martensitic
state were purchased from a commercial source. The differential scanning calori-
metric (DSC) data supplied by the vendors indicate the martensite finish temper-
ature and the austenite finish temperature to be θmf ≈ 316 K and θaf ≈ 363
34
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K, respectively. All of the experiments conducted in this work were performed
at room temperature (θrt = 298K < θmf ) under very low strain-rates (to ensure
isothermal temperature conditions) to guarantee the test specimens remain in the
fully-martensitic state at all times.
Upon cooling to below θmf three types of martensitic twins are observed in poly-
crystalline Ti-Ni : Type-II, Type-I and compound twin systems (Liu et al., 1998).
Of these three different twin systems, the Type-II twin (hpv) systems are the most
frequently observed (typically about 80 - 85 % of the total twin volume fraction).
For simplicity we will assume that our as-received polycrystalline Ti-Ni rod con-
sists of solely Type-II martensitic hpv systems. Here we shall use the 24 type II
transformation systems (hpvs) typically observed in Ti-Ni as employed by a va-
riety of researchers (e.g. Matsumoto et al., 1987; Lu and Weng, 1998; Gall and
Sehitoglu, 1999). The components for the 24 type II hpv systems, (mi0,b
i
0) with
respect to an orthonormal basis with the cubic crystal lattice are given in Table 3.1.
We further assume that hpv system i can possibly make an inter-hpv twin plane
interface with every other hpv system j. Within each hpv system i is a variant twin
plane interface i which separates the two variants that make up the hpv system.
From Hane and Shield (1999) the components for the 12 type II variant twin plane
(detwinning) systems (wi0, a
i
0) with respect to an orthonormal basis with the cubic
crystal lattice are given in Table 3.1.1 along with the initial variant volume fraction
within the corresponding hpvs, λi0. They are calculated from the crystallographic
theory of martensite (CTM) (see Ball and James, 1987; Hane and Shield, 1999),













1 -0.8888 -0.4045 0.2153 0.0568 -0.0638 0.0991
2 -0.4045 -0.8888 -0.2153 -0.0638 0.0568 -0.0991
3 -0.8888 -0.4045 -0.2153 0.0568 -0.0638 -0.0991
4 -0.4045 -0.8888 0.2153 -0.0638 0.0568 0.0991
5 -0.8888 0.4045 -0.2153 0.0568 0.0638 -0.0991
6 0.4045 -0.8888 0.2153 0.0638 0.0568 0.0991
7 -0.8888 0.4045 0.2153 0.0568 0.0638 0.0991
8 0.4045 -0.8888 -0.2153 0.0638 0.0568 -0.0991
9 -0.2153 -0.8888 -0.4045 -0.0991 0.0568 -0.0638
10 0.2153 -0.8888 -0.4045 0.0991 0.0568 -0.0638
11 -0.2153 -0.4045 -0.8888 -0.0991 -0.0638 0.0568
12 0.2153 -0.4045 -0.8888 0.0991 -0.0638 0.0568
13 0.2153 -0.8888 0.4045 0.0991 0.0568 0.0638
14 -0.2153 -0.8888 0.4045 -0.0991 0.0568 0.0638
15 0.2153 0.4045 -0.8888 0.0991 0.0638 0.0568
16 -0.2153 0.4045 -0.8888 -0.0991 0.0638 0.0568
17 -0.8888 0.2153 -0.4045 0.0568 0.0991 -0.0638
18 -0.8888 -0.2153 -0.4045 0.0568 -0.0991 -0.0638
19 -0.4045 -0.2153 -0.8888 -0.0638 -0.0991 0.0568
20 -0.4045 0.2153 -0.8888 -0.0638 0.0991 0.0568
21 -0.8888 -0.2153 0.4045 0.0568 -0.0991 0.0638
22 -0.8888 0.2153 0.4045 0.0568 0.0991 0.0638
23 0.4045 0.2153 -0.8888 0.0638 0.0991 0.0568
24 0.4045 -0.2153 -0.8888 0.0638 -0.0991 0.0568
Table 3.1: 24 type II hpv transformation systems for Ti-Ni
Since we were unable to measure the crystallographic texture of our polycrys-
talline Ti-Ni rod in the austenitic state, we assume that it has the same crystallo-
graphic texture as the polycrystalline Ti-Ni rod used in the work of Thamburaja
and Anand (2001). The assumed crystallographic textures in the austenitic state
for our polycrystalline Ti-Ni rod using 768 discrete crystal orientations and 28
weighted crystal orientations are plotted in Figures 3.2(a) and 3.2(b), respectively
using the preferred orientation package (Kallend et al., 2003). All of our finite-


















1 0 -0.5846 0.8113 0.2804 0 0 (4,6) (0.271,0.729)
2 0 -0.5846 -0.8113 0.2804 0 0 (2,8) (0.271,0.729)
3 0 -0.8113 0.5846 0.2804 0 0 (20,23) (0.729,0.271)
4 0 -0.8113 -0.5846 0.2804 0 0 (19,24) (0.271,0.729)
5 -0.5846 0 0.8113 0 0.2804 0 (1,7) (0.271,0.729)
6 -0.5846 0 -0.8113 0 0.2804 0 (3,5) (0.271,0.729)
7 -0.8113 0 0.5846 0 0.2804 0 (12,15) (0.729,0.271)
8 -0.8113 0 -0.5846 0 0.2804 0 (11,16) (0.271,0.729)
9 0.5846 -0.8113 0 0 0 0.2804 (17,22) (0.729,0.271)
10 -0.5846 -0.8113 0 0 0 0.2804 (18,21) (0.271,0.729)
11 -0.8113 0.5846 0 0 0 0.2804 (19,24) (0.271,0.729)
12 -0.8113 -0.5846 0 0 0 0.2804 (9,14) (0.271,0.729)
Table 3.2: 12 type II detwinning systems for Ti-Ni
To determine the initial martensitic microstructure within an RVE, we assume




ξi = 1. Therefore using the values of the hpv transformation systems
(mi0,b
i
0) given in Table 3.1, the deformation gradient experienced by an RVE upon








i.e. this assumption leads to having a perfectly self-accommodated martensitic
microstructure. We adopt this simplifying assumption since there are difficulties
in determining the actual martensitic microstructure within the polycrystalline
material from experimental methods (Thamburaja et al., 2005).
With the initial martensitic microstructure set the material parameters in our
constitutive model is then fitted to the stress-strain response of a simple tension
experiment conducted along the rod-axis by performing a full finite-element sim-
ulation. For the full finite-element model each element consists of the already
determined martensite hpvs which nucleated from within an original single crystal
austenite chosen randomly from the set of 768 discrete crystal orientations which
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approximate the crystallographic texture as shown in Figure 3.2(a). It must be
emphasized again that each element is fully martensitic. The specimen geometry
and the initial undeformed finite-element mesh of the polycrystalline aggregate us-
ing 768 ABAQUS C3D8R continuum-brick elements are shown in Figures 3.3(a)
and 3.3(b), respectively. Here we assume that all lcv detwinning systems have the
same resistance, and all hpv reorientation systems have the same resistance:
τ ic = τc and σ
ij
c = σc.
Furthermore we assume that hpv reorientation occurs before lcv detwinning (Liu
et al., 1999b) during the deformation in simple tension. The values of the material
parameters which best fit the experimental simple tension stress-strain curve shown
in Figure 3.3(c) are 1:
• Elastic constants: Young’s modulus, E = 40GPa;
Poisson’s ratio, µ = 0.33 (taken from Boyd and Lagoudas, 1996).
• Coefficient of thermal expansion: αth = 6.6× 10−6/ K.
• Hpv reorientation/detwinning resistance: σijc = 23MJ/m3, τ ic = 39MJ/m3.
The quality of the fit using the full finite-element calculation is also shown in
Figure 3.3(c). The fit is in good accord with the experiment.
The experimental stress-strain response in simple compression is shown in Fig-
ure 3.4(a). Using the elastic and detwinning/reorientation material parameters
listed above, a full finite-element simulation in simple compression was performed
on the initially undeformed mesh shown in Figure 3.3(b). The stress-strain response
1Since the single crystal thermo-elastic constants for martensitic Ti-Ni have not been docu-
mented in the literature we will assume the thermo-elastic properties of martensitic Ti-Ni to be
isotropic.
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for this simulation is also shown in Figure 3.4(a). The experimental stress-strain
curve is well predicted by the constitutive model. By comparing the numerically
simulated stress-strain curves in simple tension and simple compression in Fig-
ure 3.4(b), it can be seen that the constitutive model is predicting an asymmetry
in the tensile and compressive stress-strain responses during martensitic reorienta-
tion and detwinning. This asymmetry is also experimentally observed in the work
of Xie at al. (1998) on initially-martensitic polycrystalline Ti-Ni rods.
To study the martensitic reorientation and detwinning under multi-axial stress
states, we have performed tubular torsion and tension-torsion-type experiments on
our polycrystalline Ti-Ni rod. These experiments were conducted using the speci-
men geometry shown in Figure 3.5(a). The torsion and tension-torsion-type simu-
lations were performed on the initially undeformed finite-element mesh of the poly-
crystalline aggregate using 768 ABAQUS C3D8R elements shown in Figure 3.5(b).
The shear stress-shear strain response for the torsion experiment is shown in
Figure 3.5(c) along with the prediction from the full finite-element simulation. The
prediction from the constitutive model is in good accord with experimental shear
stress-shear strain curve.
A more complicated loading condition can be imposed by conducting a path-
change tension-torsion experiment. The loading program for such an experiment is
shown in Figure 3.6(a) and it is described as follows : initially an axial tensile strain
is increased linearly from 0% to 3.6% while keeping the shear strain fixed at zero.
When the axial strain reaches 3.6% it is kept fixed at this value while the shear
strain is increased linearly from a shear strain of 0% to 7.5%. The axial stress-
axial strain and shear stress-shear strain responses for this experiment are shown
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in Figures 3.6(b) & 3.6(c), respectively, along with the predictions from the full
finite-element simulation. The predictions from the constitutive model are in good
accord with the experimental stress-strain responses. Note that the experimental
axial stress-axial strain response in Figure 3.6(b) shows a continuous reduction in
the stress level with increasing shear strain while the axial strain is kept fixed. This
drop in the stress level during the shearing process is also well predicted by the
constitutive model.
We have also conducted a proportional-loading tension-torsion-type experiment
on our polycrystalline Ti-Ni rod. The loading program for such an experiment is
shown in Figure 3.7(a). Here the axial tensile strain and the shear strain are
increased simultaneously and linearly from 0% to 3% and 4.5%, respectively. The
experimental axial stress-axial strain and shear stress-shear strain responses are
shown in Figures 3.7(b) & 3.7(c), respectively, along with the predictions from
the full finite-element simulation. The experimental stress-strain curves are well-
approximated by the constitutive model.
The applicability of a homogenization scheme in predicting the behavior of
shape-memory alloys undergoing martensitic reorientation and detwinning is stud-
ied by performing Taylor model-type simulations (Taylor, 1938). The Taylor model
assumes that the local deformation gradient in each crystal2 is homogeneous and
identical to the macroscopic deformation gradient at the continuum material point.
The consequence of this assumption is that the volume-averaged stress T at a con-





2In this section a crystal will consist of the martensite hpvs and variants that makes up an
RVE as was defined in Chapter 2
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where T(β) the Cauchy stress in each crystal with ω(β) being the weight of each crys-
tal. The finite-element simulations using the Taylor assumption were performed
using a single ABAQUS C3D8R element which represents a material point consist-
ing of 768 discrete crystal orientations i.e. ω(β) = 1/768 in equation (3.1.2). We
repeat the finite-element simulations3 using the Taylor assumption under simple
tension, simple compression, torsion and path-change tension-torsion-type loading
conditions, and plot the corresponding numerical stress-strain responses in Fig-
ures 3.3(c), 3.4(a), 3.5(c) and 3.6(b) & 3.6(c), respectively. It can be seen from
these results that the Taylor model calculations provide a good approximation4
to the experimental stress-strain responses and the calculated stress-strain curves
using the full finite-element method.
To the best of our knowledge, this is the first time a combined theoretical, com-
putational and experimental study has been performed to study the deformation
behavior of a polycrystalline Ti-Ni shape-memory alloy undergoing martensitic re-
orientation and detwinning under a variety of uniaxial and multi-axial stress-states.
3The one-element Taylor model simulation for the proportional-loading tension-torsion loading
condition was not performed due to the inability in imposing the proper boundary conditions on
a single element.
4The Taylor model calculations are under-predicting the transformation strains in some ex-
periments. This finding concurs with the analysis of Bhattacharya and Kohn (1996) and Shu and
Bhattacharya (1998).
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3.1.2 SME of Polycrystalline Sheet Ti-Ni
Polycrystalline Ti-55.7Ni(wt.%) sheets of thickness 0.38mm obtained from a com-
mercial source were cold rolled 26% prior to a final superelastic anneal at 788 K
for 1200s to exhibit superelastic behavior at room temperature (θRT = 298 K).
The differential scanning calorimetric (DSC) experiment performed by the vendors
indicates that θmf = 207 K, θms = 228 K, θas = 277 K and θaf = 294 K. Ten-
sile dog-bone specimens were cut out from the sheets along the 45o, RD and TD
directions and tested in the as-received condition.
We will assume that the martensite which forms upon cooling from the austenite
will only have a type II twin structure although it has been experimentally observed
that type I and compound twins also do form but in much smaller proportions
(e.g. see Liu et al. 1998). Here we shall use the 24 Type-II hpv systems typically
observed in Ti-Ni as employed by various researchers (cf. Matsumoto et al., 1987;
Lu and Weng, 1998; Gall and Sehitoglu, 1999; Gall et al., 2000). The 24 Type-II
hpv systems (mi0,b
i





values of λi0 are given in Table 3.1 and Table 3.1.1, respectively.
Since we were unable to measure the initial crystallographic texture of our
polycrystalline Ti-Ni sheet, it is assumed that the initial austenitic phase crystal-
lographic texture of our sheet is the same as the texture measured in the fully
austenitic phase by Thamburaja et al. (2001) for their Ti-Ni sheet. The numerical
representation using 420 discrete austenite crystal orientations of the experimental
pole-figures of Thamburaja et al. (2001) measured along the normal direction (ND)
to their sheet are plotted in Figure 3.8(a) using the preferred orientation package
PoPLa (2003).
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Under zero stress and at a temperature of θ = 200K < θmf we will assume the
all the 24 martensite hpvs appear in equal amounts within an RVE, i.e., ξi = 1/24
for i=1,..,24−→ ξ =
∑
i
ξi = 1 to achieve a perfectly self-accommodating microstruc-
ture, i.e., from this assumption and using the values of the hpv transformation
systems (mi0,b
i
0) in Table 3.1 the deformation gradient experienced by the RVE








This is done as a first-cut assumption due to the difficulty in determining the resid-
ual stress pattern in the polycrystalline sheet which would influence the generated
martensitic microstructure once the sheet is cooled to below θmf (see Thambu-
raja, 2005).
The tensile specimens along the 45o, rolling and transverse direction were de-
formed at low nominal strain-rate of ²˙ = 1 × 10−4s−1 at θ = 200 K where the
specimens are in the initially martensitic state. We assume that isothermal testing
conditions prevailed throughout the experiments.
The full-finite element simulations were performed on the initial undeformed
finite element mesh using 420 ABAQUS C3D8R elements as shown in Figure 3.8(b).
Full-finite element simulations for hpv reorientation and detwinning were conducted
by representing each finite element as a collection of 24 martensite hpvs (with
initial volume fractions given in Equation (3.1.3) that originally nucleated within a
single crystal austenite, i.e., the RVE is fully martensitic. Each initial single crystal
austenite is chosen randomly from the set of 420 discrete crystal orientations which
approximate the crystallographic texture (Figure 3.8(a)).
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The material parameters in the constitutive model were fitted to the stress-
strain response of a simple tension experiment conducted along the 45o direction,
as shown in Figure 3.8(c) by performing a full finite element simulation of the
polycrystalline aggregate. Using the method for calibrating the material parame-
ters detailed in Thamburaja (2005) and assuming hpv reorientation occurs before
detwinning (Liu et al., 1999b) the material parameters used to obtain the fit are:
• Elastic constants: Young’s modulus, E = 30GPa.
Poisson’s ratio, µ = 0.33(taken from Boyd and Lagoudas, 1996).
• Coefficient of thermal expansion: αth = 6.6× 10−6/ K.
• Hpv reorientation/detwinning resistance: σijc = 18MJ/m3, τ ic = 23.5MJ/m3.
The quality of the curve-fit to the simple tension experiment conducted along
the 45o direction using the material parameters listed above is shown in Fig-
ure 3.8(c). The calculated stress-strain response is very close to the experimentally
obtained curve.
With the model calibrated using the initial crystallographic texture (Figure 3.8(a)),
the initial undeformed mesh using 420 ABAQUS C3D8R elements (Figure 3.8(b)),
and the initial martensitic microstructure i.e., Equation (3.1.3) within an RVE, a
full finite element calculation for the tensile response along the rolling and trans-
verse direction was performed. The experimental tensile stress-strain response in
the rolling and transverse direction are shown in Figure 3.9(a) and (b), respectively,
along with the predictions from the full-finite element model of the polycrystalline
aggregate. The predictions of the constitutive model is in very good accord with
the experimental stress-strain curves.
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By plotting the experimental and numerical stress-strain responses for the sim-
ple tension simulation conducted along the rolling and transverse direction together
in Figure 3.10 it can be seen that the constitutive model accurately captures the
rolling-transverse asymmetry exhibited by Ti-Ni sheets initially in the martensitic
state. The constitutive model predicts a larger transformation strain in the rolling
direction compared to the transverse direction. During martensite hpv reorienta-
tion and detwinning the constitutive model also predicts a higher absolute stress
level in the transverse direction compared to the rolling direction for the same ab-
solute strain value. To be able to model the shape-memory effect we first need
to determine the material parameters for A-M transformation, i.e., {hT , θT , f ic}.
Results from the DSC experiment along with a superelastic simple tension experi-
ment conducted along the 45o direction at room temperature θRT > θaf were used
to calibrate {hT , θT , f ic}. For simplicity we will assume the thermo-elastic parame-
ters of martensite, i.e., {E, θth} are equal to that of austenite. For SMAs the phase
equilibrium temperature is typically calculated as θT = (1/2){θms + θas}. During
superelastic deformation martensite hpv reorientation and detwinning can occur.
In our superelastic simulation we will suppress hpv reorientation and detwinning
by setting σijc and τ
i
c to be high enough so that only the A-M phase transforma-
tion material parameters {hT , f ic}; are used to fit the experimental superelastic
stress-strain curve (see Gall and Sehitoglu, 1999; Thamburaja and Anand, 2001
and 2002).
The superelastic material parameters were calibrated using the procedure de-
tailed by Thamburaja and Anand (2001). For the superelastic simulation the RVE
is a single crystal austenite, i.e., ξ = 0 in the RVE. Here we assume that all A-M
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phase transformation systems have equal transformation resistance:
τ ic = τc and σ
ij
c = σc.
Using the initial austenitic crystallographic texture (Figure 3.8(a)) and the
undeformed finite-element mesh of 420 ABAQUS C3D8R elements (Figure 3.8(b))
the material parameters used to obtain the fit using the full finite element method
along with the martensitic thermo-elastic constants listed previously are:
• Phase equilibrium temperature: θT = 252.12 K.
• Latent heat: hT = 44.9MJ/m3.
• Critical transformation resistance: f ic = 4.55MJ/m3.
The quality of the curve fit is shown in Figure 3.11(a). The fit is in good
agreement with the experimental stress-strain response.
For a description of the shape-memory effect experiment we are guided by the
experimental result shown in Figure 3.11(b). The tensile specimens were initially
deformed at θ = 200 K in the fully martensitic state (a → b). After reverse
deformation to zero stress (b → c) its temperature was then raised to θ = 298
K > θaf at a very low temperature rate of approximately 2 K/min (c → d) to
recover the residual strains caused by hpv reorientation and detwinning. For the
simulations the initial undeformed mesh (Figure 3.8(b)) was first deformed at θ =
200 K, i.e., repeating the simulations shown in Figure 3.8(c), Figure 3.9(a) and (b).
Upon reverse deformation to zero stress a residual strain will exist. By assuming
every material point in the tensile specimen to have the same temperature at all
times 5 the final step for the shape memory effect simulation was conducted by
5This assumption is adopted since the heating rate is very low and the Ti-Ni sheet has a
thickness of just 0.38 mm.
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uniformly increasing all the nodal temperatures in the finite element mesh from
θ = 200 K until the residual deformation is recovered.
Figure 3.11(b) shows the experimental stress-strain-temperature response of
shape-memory effect experiment conducted along the 45o direction plotted with the
prediction from the full-finite element simulation. The prediction of the constitu-
tive model is in reasonable accord with the experimental stress-strain-temperature
response. The experimental and the full-finite element simulation shape-memory
effect stress-strain-temperature response along the rolling and transverse direction
is shown in Figure 3.12(a) and (b), respectively. The simulation results show the
experimental stress-strain-temperature responses to be reasonably well predicted
by the constitutive model. The residual deformation shown in the simulations (Fig-
ure 3.12(a)-(c)) upon complete reverse transformation from martensite to austenite
is due to thermal strains. Figure 3.13(a)-(c) show the contours of the martensite
volume fraction in the finite-element mesh for the shape-memory effect simulation
conducted along the 45o, rolling and transverse direction, respectively, for tem-
peratures θ = 200 K and 284.1 K. The simulations along the 45o, RD and TD
predict complete recovery of martensite to austenite occurring at a temperature
of θ = 284.1 K whereas the experimental data for the three experiments show
complete recovery occurring at a temperature of θ = 294 K = θaf . The reason
for the discrepancy between the temperature predicted by the numerical simula-
tion for full martensite → austenite recovery and the experimental value could be
due to the over-simplification of the elastic moduli of the austenite and martensite
phase, and also the non-interaction between the austenite and martensite phase.
A more accurate description for the moduli of the different phases and allowing
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for the interaction between both the phases will alter the stress field in the RVE
during the recovery process. This will in turn affect the temperature at which the
transformation from martensite to austenite will occur (Equations (2.0.34)) since
the phase transformation is stress and temperature dependent.
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3.2 Evaluation of the Crystal-mechanics-based Con-
stitutive Model for Variant Reorientation in
a Single Crystal NiMnGa
In this section we examine the applicability of our model for a single crystal NiM-
nGa magnetic shape-memory alloy undergoing martensitic reorientation between
tetragonal variants 6. In Appendix D we also list out the rate-dependent version of
our crystal-mechanics-based constitutive model for martensitic reorientation. All
the simulations in this work were performed using the rate-independent version of
our model unless stated otherwise.
Here we used the twin solutions between two tetragonal martensitic variants
from the work of Bhattacharya (1991), as shown in Table 3.3 (in the crystal basis












1 -0.7071 0.7071 0 0.0857 0.0857 0 Variant 1 ­ 2
2 -0.7071 0 0.7071 0.0857 0 0.0857 Variant 1 ­ 3
3 0 -0.7071 0.7071 0 0.0857 0.0857 Variant 2 ­ 3
Table 3.3: 3 twinning systems for NiMnGa
The method we use to calculate these components is discussed and summarized
in Appendix E.
Determination of material parameters and FEM simulations
Originally austenitic single crystals of NiMnGa shape-memory alloys were pur-
chased from a commercial source. At room temperature (298 K), these originally
6Note that the constitutive equations developed in Chapter 2 are general enough to describe
the martensitic variant reorientation process between all possible martensite crystal structures
e.g. tetragonal, orthorhombic, monoclinic etc.
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austenitic single crystals are in the fully martensitic state. Following the method-
ology of Karaca et al. (2006) these shape-memory alloys were compressed along the
[100], [010] or [001]-direction of the parental cubic basis to make sure the material
is initially in a single crystal martensitic variant state before subsequent testing
takes place. Sufficient pure compression along the [100], [010] or [001]-direction of
the parental cubic basis will result in the shape-memory alloy being in a fully single
crystal martensite Variant 1, Variant 2 or Variant 3 state, respectively. Henceforth,
we shall denote the [100], [010] and [001]-direction of the parental cubic basis as
direction-1, direction-2 and direction-3, respectively.
As a first-cut assumption, we will assume the elastic moduli C to be isotropic7.
Hence, the rest of the material parameters needed to be calibrated from physical
experiments8 are the Young’s Modulus, E, the Poisson’s ratio, ν, the resistance to
variant reorientation on each twin system, τ ic . In addition, we will assume that the
resistance on all the twin systems i are equal i.e. τ ic = τc, and take the Poisson’s
ratio to be ν = 0.33 which is typical for a metallic alloy.
The experimental simple compression stress-strain data shown in Figure 3.14(a)
was used to fit the material parameters E and τ ic in our constitutive model. The
fitting of the model was conducted on the idealized stress-strain response for this
experiment as shown in Figure 3.14(b). Starting in the stress-free state of the
idealized stress-strain response, initial loading will cause elastic deformation of the
material to occur. Once a critical stress state is reached continued deformation
will cause variant reorientation to occur along a constant stress plateau. When the
7The elastic moduli of the RVE is assumed to be isotropic since there are no literature data
on NiMnGa single crystals regarding its elastic moduli in the tetragonal phase.
8All the physical experiments performed in this work were conducted under very low
strain/displacement rates to ensure that isothermal conditions prevail in the test specimens
throughout the testing period.
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variant reorientation process is complete further loading will result in the elastic
deformation of the material, and an increase in the stress level. Therefore, the
material stress-strain response is idealized as elastic-perfectly plastic.
The evolution of martensitic microstructure for the single crystal NiMnGa dur-
ing variant reorientation in simple compression is shown in Figure 3.14(c) (A-H).
The specimen was first carefully electropolished before the simple compression
experiment. Experimental set-up and procedure we used for electropolishing on
our single crystal NiMnGa are detailed in Appendix F. As shown in (A-G), upon
compression along direction-2, the initially dominant Variant 3 was replaced grad-
ually by Variant 2 with twin interfaces propagating along 45o direction between
direction-2 and direction-3. Fully transformed sample is shown in (H).
With the material initially being fully consisted of martensite Variant 3, a simple
compression simulation along direction-2 was conducted to fit the material parame-
ters in the constitutive model to the experimental simple compression stress-strain
data shown in Figure 3.14(a) (and also repeatedly shown in Figure 3.15(a)). This
numerical simulation was conducted using a single ABAQUS C3D8R continuum-
three dimensional brick element9. The values of the material parameters which best
fit the experimental simple compression stress-strain curve shown in Figure 3.15(a)
are:
• Elastic constants: Young’s modulus, E = 2.5GPa;
Poisson’s ratio, ν = 0.33.
• Variant reorientation resistance: τc = 0.1606MJ/m3.
9All the finite-element simulations in this work were conducted using a single ABAQUS C3D8R
element with the material initially being fully consisted of martensite Variant 3, unless stated
otherwise. Each ABAQUS C3D8R element has a single Gauss (integration) point and is meshed
using eight nodes.
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The quality of the fit from this numerical simulation is shown in Figure 3.15(a).
The constitutive model reproduces the experimental stress-strain curve to good
accord. In particular, the constitutive model accurately predicts the amount of
transformation strain (≈ 6%) achieved in the physical experiment. The evolution of
microstructure with respect to strain from this finite-element simulation is shown in
Figure 3.15(b). Here the variant reorientation process occurs by the transformation
from martensite Variant 3 to martensite Variant 2.
With the model calibrated, all the ensuing finite-element simulations will be
conducted using the set of material parameters determined above unless stated
otherwise.
A finite-element simulation in simple tension along direction-2 is also conducted,
and its corresponding stress-strain curve is plotted in Figure 3.15(a). The stress-
strain response for this simple tension simulation is purely elastic. Comparing the
simulated stress-strain curves for simple compression shown in Figure 3.15(a), we
can see a distinct asymmetry between the simple tension and simple compression
response. The simulated simple tension stress-strain response is elastic because
no variant reorientation process takes place during tensile deformation (see Fig-
ure 3.15(c)). The simulation results of Arndt et al. (2006) also show similar trends.
We then proceed to perform plane-strain compression simulations along direction-
2 with the material being constrained along direction-1 or direction-3. The spec-
imens for the plane-strain compression experiments have a cuboid geometry with
their edges parallel along direction-1, direction-2 and direction-3. These test spec-
imens have an initial height of 5.885mm measured along the loading direction
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(direction-2), and an initial width of 6.2mm measured along the constraint direc-
tion (direction-1 or direction-3). There is a small clearance of 0.02mm between
the specimen and the constraints (which is assumed to be rigid) to allow for the
insertion of the specimen into the actual testing setup.
The initially-undeformed mesh for the finite-element simulations which repro-
duce the actual experimental plane-strain compression conditions as explained
above is shown in Figure 3.16(a). The test specimen is meshed using a single
ABAQUS C3D8R element whereas the constraints along the sides of the speci-
men are meshed using two ABAQUS R3D4 rigid elements. Using the initially-
undeformed mesh shown in Figure 3.16(a), a plane-strain compression simulation
was conducted along direction-2 with the rigid constraints being applied along
direction-1. Figure 3.16(b) shows the stress-strain response from this simula-
tion plotted along with the stress-strain curve obtained from the corresponding
physical experiment. The experimental stress-strain response is well-predicted by
the constitutive model. Note that this simulation also accurately predicts the
amount of transformation strain (≈ 6%) observed in the physical experiment. The
stress-strain response from this simulation is similar to the simulated stress-strain
response in simple compression plotted in Figure 3.15(a) (the actual numerical
comparison will be shown later). The reason for this is as follows: Recall again
that there is an initial separation of 0.02mm between the specimen and the rigid
constraints as shown in Figure 3.16(a). Referring to the simulated stress-strain
response shown in Figure 3.16(b), the critical stress for variant reorientation is
reached at an applied strain of about 0.1 %. Even with the Poisson’s effect at this
magnitude of applied elastic deformation, the lateral sides of the specimen have still
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not come into contact with the rigid constraints. Further deformation will cause
variant reorientation to occur along a constant stress plateau until the variant reori-
entation process is complete. As shown in Figure 3.16(c), the variant reorientation
process for this simulation occurs due to the conversion from Variant 3 to Variant
2. During variant reorientation, the specimen will expand along direction-3 (the
free direction) and no deformation will be experienced along direction-1 i.e. the
specimen will still not come into contact with the rigid constraints. Thus no con-
straining stresses will be imposed on the specimen along direction-1 and direction-3,
and the simulated stress-strain response plotted in Figure 3.16(b) will be similar
to the simple compression stress-strain simulation result shown in Figure 3.15(b).
Next, using the initially-undeformed finite-element mesh shown in Figure 3.16(a),
a plane-strain compression simulation was performed along direction-2 with the
rigid constraints being applied along direction-3. The stress-strain curve from this
simulation is plotted in Figure 3.17(a) along with the corresponding experimental
stress-strain curve. The experimental stress-strain data is well-predicted by the
constitutive model. However for the experimental and simulated stress-strain data
shown in Figure 3.17(a), the variant reorientation process occurs along a stress
plateau of about 0.34 % as compared to a stress plateau of 6 % obtained from
the experimental and simulated stress-strain responses as shown in Figures 3.15(a)
and 3.16(b). From visual inspection, the simulated stress-strain response shown in
Figure 3.17(a) is also very different to the simulated stress-strain curves plotted in
Figures 3.15(a) and 3.16(b) (the actual numerical comparison will also be shown
later).
The reason for this observed differences can be explained as follows: Referring
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to the simulated stress-strain curve shown in Figure 3.17(a), the critical stress for
variant reorientation is also reached at an applied strain of about 0.1 %. At an
applied strain of about 0.1 %, the lateral sides of the specimen will still not come
into contact with the rigid constraints even with the Poisson’s effect accompanying
the applied elastic deformation thus far. A further application of deformation will
result in the variant reorientation process to occur along a constant stress plateau.
As shown in Figure 3.17(b), the variant reorientation process occurs due to the
transformation from Variant 3 to Variant 2. During the conversion from Variant 3
to Variant 2, the specimen will expand along direction-3 (the constraint direction)
with no further deformation occurring along direction-1 (the free direction). At
an applied strain of approximately 0.44 %, the specimen would have expanded
enough along direction-3 to be in contact with the rigid constraints. Upon further
deformation, the variant reorientation process will continue with a steep increase
in the magnitude of the loading stress i.e. the variant reorientation process will not
occur at a constant loading stress level anymore. This is because of the increasing
magnitude of the constraint stresses with increasing applied deformation. Also note
that due to the increasing effect of the constraint stresses with increasing applied
deformation (once the specimen is already in contact with the rigid constraints),
the rate of growth of martensite Variant 2 at the expense of martensite Variant
3 during the variant reorientation process (as plotted in Figure 3.17(b)) is not as
large as compared to that shown in Figures 3.15(b) and 3.16(c).
In Figure 3.18, we compare the stress-strain curves obtained from the two
plane-strain compression simulations shown in Figures 3.16(b) and 3.17(a) to the
stress-strain response obtained from the simple compression simulation shown in
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Figure 3.15(a). By further comparing the simulated results in Figure 3.18 to the
experimentally-obtained stress-strain curves in Figure 3.14(a), we can clearly see
that under simple compression and plane-strain compression loading conditions,
the constitutive model is able to quantitatively and qualitatively capture the exotic
stress-strain behavior exhibited by these shape-memory alloys.
With the material initially being fully consisted of martensite Variant 3, a cyclic
compression-tension experiment was conducted along direction-2. Figures 3.19(a)
and 3.19(b) show the initial geometry of the compression-tension specimen and
the experimental applied strain vs. time profile for this experiment, respectively.
The loading program for this experiment is as follows: Firstly, the specimen is
deformed to a compressive strain of 6.9 %. Once the compressive strain level of
6.9 % is attained, reverse loading of the specimen takes place until a tensile strain
of 0.27 % is achieved. At the tensile strain level of 0.27 %, a final reverse loading
process takes place until the specimen returns back to its initially-undeformed
length measured along direction-2.
A cyclic tension-compression simulation was conducted using the initially-undeformed
finite-element mesh of the specimen’s gauge section shown in Figure 3.19(c). The
gauge section of the specimen is meshed using 19800 ABAQUS C3D8R elements.
The corresponding stress-strain curve from this simulation is plotted in Figure 3.19(d)
along with the stress-strain response obtained from the cyclic compression-tension
physical experiment. The experimental stress-strain data is well-predicted by the
constitutive model. Note that the physical experiment exhibits the phenomenon of
ferroelasticity i.e. the transformation(plastic) strain obtained from the compressive
deformation is removed by a reversal of the stress state. This phenomenon is also
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well-characterized by the constitutive model.
Effect of microstructure on the stress-strain behavior
To investigate the effect of initial microstructure on the deformation behavior of a
single crystal NiMnGa SMA, we perform numerical simulations with the material
being initially in the fully martensitic Variant 2 state. A simple tension and sim-
ple compression simulation is conducted along direction-2 using a single ABAQUS
C3D8R element.
The stress-strain curve from these two simulations are shown in Figure 3.20(a).
The simple tension simulation exhibits an elastic-plastic stress-strain response whereas
a purely elastic stress-strain response was obtained for the simple compression
simulation. These findings are also verified by the corresponding evolution of the
martensite variant volume fraction with respect to applied deformation for the
tension and compression simulations shown in Figures 3.20(b) and 3.20(c), respec-
tively. From Figures 3.20(b) and 3.20(c), we can see that the variant reorientation
process only occurs for the simulation conducted in simple tension. As shown in
Figure 3.20(b), the variant reorientation process occurs due to the conversion from
martensite Variant 2 to martensite Variants 1 and 3. During the variant reorien-
tation process, martensite Variant 1 and Variant 3 grows at the same rate at the
expense of martensite Variant 2. Once the variant reorientation process is com-
plete, the material will consist of 50 % martensite Variant 1 and 50 % martensite
Variant 3. This result is obtained since under these conditions (simple tension along
direction-2 with the material being initially fully consisting of martensite Variant
2), there is no preference for either martensite Variant 1 or martensite Variant 3 to
grow at the expense of martensite Variant 2. Thus, during the variant reorientation
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process the rate of growth of martensite Variant 1 and martensite Variant 3 are
equal at any given instance.
Also note that compared to the numerical stress-strain responses shown in Fig-
ure 3.15(a), we can see that the order of the tension-compression asymmetry shown
in the stress-strain curves plotted in Figure 3.20(a) is reversed. Therefore, we can
conclude that the initial starting microstructure has a strong effect on the on the
overall stress-strain behavior of NiMnGa single crystals.
Deformation behavior under three-point bending
The multi-axial deformation behavior of an initially single crystal NiMnGa is stud-
ied by performing experiments and numerical simulations under three-point bend-
ing conditions. Under three-point bending conditions, the test specimen will si-
multaneously undergo tension, compression and shear-type deformations.
Figure 3.21(a) shows the initial geometry of the specimen used for the three-
point bending experiment. The material was initially pre-deformed to be in the
fully martensite Variant 1 state. Figure 3.21(b) shows the numerical representation
of the initial three-point bending experimental setup. The initially-undeformed
section of the test specimen is meshed using 12000 ABAQUS C3D8R elements.
The specimen is supported at the bottom by two fixed rigid rollers whereas a
velocity profile is prescribed to the top rigid roller which loads the specimen along
direction-2. The three rigid rollers were meshed using analytical rigid surfaces, and
no friction between the specimen and the rigid rollers were assumed for simplicity.
The experimental force-displacement response from this experiment is shown
in Figure 3.21(c) along with the prediction from the finite-element simulation.
The simulated force-displacement curve accurately reproduces the experimental
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response.
To investigate the effect of initial microstructure on the deformation behavior
under three-point bending conditions, we perform another three point bending
experiment by using the same experimental setup and procedure, but with specimen
initially in fully martensite Variant 2 state. Figure 3.21(a) and Figure 3.21(b) show
the initial geometry (labeled with bracket) of the specimen and initially-undeformed
mesh by using 12000 ABAQUS C3D8R elements, respectively. The experimental
force-displacement response from this experiment is shown in Figure 3.21(d). The
simulated force-displacement curve reproduces the experimental response to good
accord. By comparing the experimental force-displacement curves in Figure 3.21(c)
and Figure 3.21(d), we notice that the inelastic deformation in the three point
bending experiment with specimen initially in fully martensite Variant 1 state
is more significant than that in fully martensite Variant 2 state. This can be
explained, with the aid of numerical simulations, as follows:
We perform the same numerical simulation using the initially-undeformed finite-
element mesh for the first three point bending simulation (initialized in martensite
Variant 1 state) shown in Figure 3.21(b) with the specimen being initially in the
fully martensite Variant 2 state. The force-displacement response from this finite-
element simulation is plotted in Figure 3.22(a). Comparing the force-displacement
response from this simulation to the simulation result plotted in Figure 3.21(c)
(also repeatedly shown in Figure 3.22(a) for convenience), we can conclude that
the differences shown in the force-displacement responses are due to the initial
starting microstructure.
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At an applied displacement of 2.5mm, the transformation contours in the de-
formed specimen obtained from the three-point bend simulations conducted above
are shown in Figures 3.22(b) and 3.22(c). Figure 3.22(b) shows the transforma-
tion contours for the specimen being initially in the fully martensite Variant 1
state whereas Figure 3.22(c) shows the transformation contours for the specimen
being initially in the fully martensite Variant 2 state. The amount of variant re-
orientation which has taken place in a given region of the specimen increases with
increasing darkness in the color of the transformation contours. For the specimen
being initially in the fully martensite Variant 1 state, Figure 3.22(b) shows that the
region encompassing the lower half of the specimen undergoes the largest amount
of variant reorientation. However, if the specimen is initially in the fully martensite
Variant 2 state, Figure 3.22(c) shows that the region covering the upper half of the
specimen undergoes the largest amount of variant reorientation.
Therefore, from the three-point bending simulations conducted on the initially
single crystal NiMnGa above we have determined that the initial starting mi-
crostructure of the material strongly affects: (a) the force-displacement responses,
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Figure 3.1: Schematic diagram for the twinned martensite structure nucleating
from a single crystal austenite. Hpv system i consists of martensite variant 1 and 2
whereas hpv systems j consists of martensite variants 3 and 4. The inter-hpv twin
interfaces extend vertically to the boundaries of the austenite single crystal along
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Figure 3.2: Numerical representation of the {111},{110} and {100} experimental
pole figure of the initially austenitic polycrystalline Ti-Ni rod of Thamburaja and
Anand (2001) using (a) 768 discrete crystal orientations, and (b) 28 weighted crystal
orientations.
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Figure 3.3: (a) Geometry of the tension-compression specimen. All dimensions are
in centimeters. (b) Undeformed mesh of 768 ABAQUS C3D8R finite elements.
Direction-3 denotes the rod axis. (b) Experimental stress-strain curve in simple
tension. The data from this experiment was used to determine the reorientation
and detwinning constitutive parameters. The curve fit using the full finite-element




















































Figure 3.4: (a) Experimental stress-strain curve in simple compression. The nu-
merical predictions from the full finite-element model of the polycrystal and the
Taylor model are also shown. (b) Comparison of the experimental and the nu-
merically simulated full finite-element stress-strain responses in simple tension and
simple compression. For the simple compression experiment and simulations the
absolute values of stress and strain are plotted.
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Figure 3.5: (a) Geometry of the tension-torsion specimen. All dimensions are
in centimeters. (b) Undeformed mesh of 768 ABAQUS C3D8R finite elements.
Direction-3 denotes the rod axis. (c) Experimental stress-strain curve in torsion.
The numerical predictions from the full finite-element model of the polycrystal and
the Taylor model are also shown.
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Figure 3.6: (a) Loading program for the path-change tension-torsion experiment.
Experimental stress-strain curve in (b) tension and (c) shear. The numerical pre-
dictions from the full finite-element model of the polycrystal and the Taylor model
are also shown.
67







































































Figure 3.7: (a) Loading program for the proportional-loading tension-torsion exper-
iment. Experimental stress-strain curve in (b) tension and (c) shear. The numerical
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Figure 3.8: (a) Numerical representation of the {111}, {110} and {100} experimen-
tal pole figure of the initially austenitic Ti-Ni sheet of Thamburaja et al. (2001)
using 420 discrete crystal orientations. (b) Undeformed mesh of 420 ABAQUS
C3D8R finite-elements. (c) Stress-strain curve in simple tension conducted along
the 45o direction (RD) at θ = 200 K. The experimental data from this experiment
was used to determine the constitutive parameters for martensitic hpv reorien-
tation and detwinning. The curve fit using the full finite element model of the
polycrystalline aggregate is also shown.
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Figure 3.9: The experimental stress-strain curve in simple tension conducted at
θ = 200 K along (a) the rolling (RD), and (b) the transverse (TD) direction. The
corresponding predictions from the full finite element model of the polycrystalline
aggregate are also shown.
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Figure 3.10: Comparison of (a) the experimental (b) the numerically simulated
stress-strain response in simple tension along the rolling and transverse direction
using the full finite element model.
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Figure 3.11: (a) Superelastic tensile stress-strain response along the 45o direction
conducted at temperature θ = 298 K. The experimental data from this test was
used to estimate A-M transformation constitutive parameters. The curve fit using
the full-finite element model of the polycrystal is also shown. (b) The shape-
memory effect stress-strain-temperature response along the 45o direction. The




































































Figure 3.12: The shape-memory effect experimental stress-strain-temperature re-
sponse along (a) the rolling, and (b) the transverse direction. The predictions using





θ  =  200  K
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θ  =  284.1 K
θ  =  279.2 K θ  =  281.4 K
(a)
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θ  =  281.4 Kθ  =  279.2 K
(c)
Figure 3.13: Contours of the martensite volume fraction in the finite element mesh
(1 represents the RVE being fully martensitic whereas 0 represents the RVE being
fully austenitic) at temperatures θ = 200 K and 284.1 K for simulations conducted


































PLAIN STRAIN COMPRESSION 1
PLAIN STRAIN COMPRESSION 2
2
3
(A) (B) (C) (D)
(E) (F) (G) (H)
(c)
1mm
Figure 3.14: (a) Experimental stress-strain curve in a simple compression experi-
ment and two plain-compression experiments. (b)Idealized stress-strain response
in simple compression used to calibrate the material parameters. (c) Evolution of
the martensitic structure during compression observed in polarized light. Different
twin variants show different contrast due to their different crystallographic orien-
tation. The sample initially contained only one variant with the short c-axis along
direction-3. The compressive stress is along direction-2. During compression this
variant is replaced gradually by the variant with the c-axis parallel to the stress (A
→ G). Fully transformed sample is shown in (H). The initial state of the sample













































































Figure 3.15: (a) Experimental stress-strain curve in simple compression along
direction-2. The data from this experiment was to determine the material param-
eters in the constitutive model. The curve fit from the finite element simulations
is also shown. The numerical prediction for the stress-strain curve in simple ten-
sion along direction-2 is also plotted. (b) The evolution of the martensite variant
volume fraction with respect to strain from the finite-element simulation in simple
compression along direction-2. (c) The evolution of the martensite variant volume




























































Figure 3.16: (a) The initially-undeformed mesh for the finite-element simulations
which reproduce the actual experimental plane-strain compression conditions. All
dimensions are in millimeters. (b) Experimental stress-strain curve in plain-strain
compression conducted along direction-2 with the rigid constraints being applied
along direction-1. The numerical prediction from the finite-element simulation is



















































Figure 3.17: (a) Experimental stress-strain curve in plain-strain compression con-
ducted along direction-2 with the rigid constraints being applied along direction-3.
The numerical prediction from the finite-element simulation is also shown. (b) The
evolution of microstructure with respect to strain from the finite-element simula-
tion.
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PLAIN STRAIN COMPRESSION 1 
PLAIN STRAIN COMPRESSION 2
Figure 3.18: The comparison between the stress-strain curves obtained from the
two plane-strain compression simulations shown in Figures 3.16(b) and 3.17(a),
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Figure 3.19: (a) The initial geometry of the compression-tension specimen. All
dimensions are in millimeters. (b) The experimental applied strain vs. time profile
for the cyclic compression-tension experiment. (c) The initially-undeformed finite-
element mesh of this compression-tension specimen’s gauge section by using 19800
ABAQUS C3D8R elements. (d) The stress-strain response obtained from the cyclic
compression-tension physical experiment. The corresponding stress-strain curve
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COMPRESSION: VARIANT 2 
COMPRESSION: VARIANT 3
(c)
Figure 3.20: (a) The stress-strain curve from numerical simulations for a simple
tension and simple compression conducted along direction-2, with the material
being initially in the fully martensitic Variant 2 state. (b) The evolution of the
martensite variant volume fraction with respect to strain from the finite-element
simulation in simple tension along direction-2, with the material being initially in
the fully martensitic Variant 2 state. (c) The evolution of microstructure with
respect to strain from the finite-element simulation in simple compression along
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Figure 3.21: (a) The initial geometry of the specimen used for the three-point bend-
ing experiment, with the material being initially in the fully martensitic Variant
1 (Variant 2) state. All dimensions are in millimeters. (b) The numerical repre-
sentation of the initial three-point bending experimental setup, together with the
initially-undeformed section of the test specimen starting with Variant 1 (Variant
2) meshed using 12000 ABAQUS C3D8R elements. All dimensions are in mil-
limeters. Experimental force-displacement responses in the three point bending
experiment with the material being initially in the fully martensitic (c) Variant 1












































Figure 3.22: (a) The force-displacement response from the finite-element simulation
with the specimen being initially in the fully martensite Variant 1 and Variant
2 state, respectively. These two simulations used the same initially-undeformed
mesh for the first three point bending simulation (initially in martensite Variant 1)
shown in Figure 3.21(b). At an applied displacement of 2.5mm, the transformation
contours in the deformed specimen obtained from the three-point bend simulations





In this section, we describe our three-dimensional isotropic-based constitutive model
developed in this study for martensitic reorientation and A-M phase transforma-
tion in shape-memory alloys. This isotropic-based model, in spirit to the crystal-
mechanics-based model developed in Chapter 2, was developed using the well-
established theory of isotropic metal plasticity and rubber elasticity. The model
has been implemented in a finite-element program by writing a user-material sub-
routine to model the behavior of polycrystalline SMAs.
Using the standard notation of modern continuum mechanics, the governing
variables in the constitutive model are taken as:
(i) The Helmholtz free energy per unit reference volume, ψ.
(ii) The Cauchy stress, T.
(iii) The deformation gradient1, F with detF > 0.
1Notation : ∇ and Div denote the gradient and divergence with respect to the material point in
the reference configuration, respectively. For a tensor A, A> denotes the transpose of the tensor
A, A−1 denotes the inverse of the tensor A, and A−> = (A−1)>. Also sym(A) = (1/2)(A+A>)
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(iv) Absolute temperature, θ.
(v) The plastic deformation gradient, Fp with detFp > 0 which represents the
deformation due martensitic reorientation/detwinning and austenite↔ martensite
phase transformation.
(vi) The elastic deformation gradient, Fe with detFe > 0 which represents the
elastic deformation that gives rise to the Cauchy stress, T. The elastic deformation
gradient is given by Fe = FFp−1.
(vii) The martensite volume fraction, ξ with 0 ≤ ξ ≤ 1.
(viii) The second-order kinematically-determined and symmetric internal vari-
able tensor, B = B> which is defined in the relaxed configuration i.e. the configura-
tion determined by Fp. The tensor B is responsible for generating the back-stress
during the martensitic reorientation process.
(ix) The twin variant volume fraction within the martensitic plate, Λ with
0 ≤ Λ ≤ 1. In defining Λ, we are guided by the two-martensite variant model of
Abeyaratne et al. (1994). Here we idealize that the martensitic phase is composed of
only two martensitic variants (VariantsM+ andM−) separated by a twin interface
(shown in Figure 4.1(b)), nucleating from a one-dimensional initially austenitic bar
(Figure 4.1(a)) after cooling below θmf . Under pure mechanical loading, the variant
with the preferential orientation (e.g. Variants M+ for tension (Figure 4.1(c)) and
Variants M− for compression (Figure 4.1(d)) in one-dimensional case) will grow at
the expense of the other in this martensitic bar. For perfect self-accommodated
martensite, there should be equal variant volume fraction in Variants M+ and
denotes the symmetric portion of tensor A, whereas skew(A) = (1/2)(A−A>) denotes the skew
portion of tensor A. The trace of tensor A is denoted by trace(A). Also the inner product
of tensor A and B is denoted by A · B, and the magnitude of A by |A| = √A ·A. Finally,
A0 ≡ A− (1/3)(trace(A))1 denotes the deviatoric portion of tensor A.
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Variants M−. In order to make the isotropic-based model quantitatively show the
observed tension/compression asymmetry in SMAs, we deliberately set the initial
variant volume fraction of one variant to be smaller than that of the other. The
biased initial hpv twin interface (Figure 4.1(b)) will result in the difference in the
respective transformation strain produced by the growth of each variant during
martensitic reorientation.
To construct the constitutive equations we focus on a continuum body occupy-
ing a region R0 in the reference configuration with n0 the outward unit normal on
its boundary denoted by ∂R0.
Kinematics and kinetics
From the polar decomposition theory the elastic deformation gradient can be de-
composed into an elastic rotation and elastic stretch :
Fe = ReUe (4.0.1)
where Re = Re−> and Ue = Ue> are the orthogonal elastic rotation and the
symmetric elastic stretch, respectively. The spectral representation of the elastic




λei ri ⊗ ri (4.0.2)
where {λei |i = 1, 2, 3} being the positive eigenvalues and {ri|i = 1, 2, 3} being the
unit orthonormal eigenvectors of Ue. With Ce ≡ Fe>Fe, we define a frame-
invariant 2 measure of an elastic strain :
Ee ≡ (1/2)lnCe = lnUe −→ Ee =
3∑
i=1
(lnλei ) ri ⊗ ri. (4.0.3)
2Frame-invariance (Anand and Gurtin, 2003a): Consider the transformations of the form
x→ x, z→ z and y → Q(t)y + c(t) where t denotes time, Q(t) is a proper orthogonal rotation
tensor and c(t) a translational vector. The reference and relaxed configurations are independent of
the choice of such changes in frame. Therefore Fp → Fp, F→ QF and Fe → QFe. Consequently
Lp → Lp, L → QLQ>+ Q˙Q> and Le → QLeQ>+ Q˙Q>. Since Fe → QFe we have Ce → Ce.
Finally, B→ B since B is defined in the relaxed configuration.
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Since the total deformation gradient, F = FeFp the total velocity gradient is given
by
L ≡ F˙F−1 = Le + FeLpFe−1 (4.0.4)
where Le ≡ F˙eFe−1 = ReU˙eUe−1Re> + R˙eRe> and Lp ≡ F˙pFp−1 are the elastic
and plastic velocity gradients, respectively. We further decompose Lp = Dp +Wp
where Dp = sym(Lp) and Wp = skew(Lp) represent the plastic stretching rate
and plastic spinning rate tensors, respectively. Following the work of Anand and
Gurtin (2003) on isotropic solids, we set the inelastic flow to be irrotational :
Wp = 0 =⇒ Lp = Dp.
In this work, we will only consider the variant reorientation in thermally-induced
martensite. Therefore, we define an effective variant volume fraction in a represen-
tative volume element (RVE), ζ by
ζ = ξΛ −→ ζ˙ = ξΛ˙ + ξ˙Λ
where 0 ≤ ζ ≤ ξ. Here γ˙ ≡ ξΛ˙ ≥ 0 represents the effective reorientation rate.
The restriction γ˙ ≥ 0 is imposed so that only the growing variant is kept tracked.
Assuming that martensitic reorientation and austenite-martensite phase transfor-
mation is accompanied by no changes in volume, the plastic stretching tensor is
taken to be purely deviatoric :
Dp = k1γ˙N1 + ξ˙N2 (4.0.5)
with the flow directions restricted by trace(Nβ) = 0 and Nβ = N
>
β with β = 1, 2.
The first term on the right-hand side of Equation (4.0.5) describes the deforma-
tion due to the reorientation of thermally-induced martensite. Here k1 > 0 is a
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constant of proportionality, and we will restrict |N1| = ²T where ²T > 0 denotes
the transformation strain for martensitic reorientation (to be determined experi-
mentally). The second term on the right-hand side of Equation (4.0.5) describes
the deformation due to the transformation between thermally-induced martensite
and austenite. Transformation from austenite to martensite occurs when ξ˙ > 0
whereas transformation from martensite to austenite occurs when ξ˙ < 0. From
experimental observations during the one-way shape-memory effect, deformations
induced due to martensitic reorientation/detwinning are recoverable upon an in-
crease in temperature to above θaf . Furthermore, transformation from austenite
to temperature-induced martensite produces no macroscopic deformation. In lieu
of these constraints, we will enforce that
N˙2 = k1γ˙N1 with N2(ξ = 0) = 0. (4.0.6)
Shape-memory alloys in the initially-martensitic state can exhibit the develop-
ment of back stresses during the reorientation/detwinning of martensite (Sun and
Hwang, 1993a). With t denoting time and guided by rubber-elasticity theory
(Anand and Gurtin, 2003a), we let the tensor B to evolve as
B˙ = 2 sym ({k1γ˙N1}B) with B(t = 0) = 1. (4.0.7)
Balance of linear momentum
Denoting J = detF the balance of linear momentum in the reference configuration










ρ0 v ∂V0 (4.0.8)
with S = J TF−> being the first Piola-Kirchoff stress, b the macroscopic body
force vector per unit reference volume and ρ0 = ρˆ0(x) the referential mass density.
88
Using the divergence law on Equation (4.0.8), and localizing the result within R0
yields
DivS+ b− ρ0 v˙ = o. (4.0.9)
Balance of angular momentum
From the balance of angular momentum in the reference configuration we have
∫
∂R0
y × Sn0 ∂A0 +
∫
R0




y × ρ0 v ∂V0. (4.0.10)
Applying the divergence law on Equation (4.0.10) and localizing the result within
R0 while using Equation (4.0.9) yields
SF> = FS> =⇒ T = T>.
Balance of energy
In the reference configuration the first law of thermodynamics (the balance of
energy) is stated as
∫
∂R0
(Sn0 · v − q · n0) ∂A0 +
∫
R0





where w ≡ ²+(1/2) ρ0 (v ·v) and ² is the internal energy per unit reference volume.
Here q is the referential heat flux and r is the heat supply per unit reference volume.
Applying the divergence law on Equation (4.0.11) and localizing the result within
R0 along with equation (4.0.9) yields
S · F˙−Divq+ r = ²˙. (4.0.12)
Entropy imbalance

















with η representing the entropy per unit reference volume. The Helmholtz free
energy per unit reference volume, ψ, is defined as
ψ = ²− ηθ −→ ψ˙ = ²˙− η˙θ − ηθ˙. (4.0.14)
Substituting equations (4.0.12) and (4.0.14) into the localized version of Equa-
tion (4.0.13) within R0 yields
S · F˙− q
θ
· ∇θ − ηθ˙ − ψ˙ ≥ 0. (4.0.15)





+T · Lp − q
θ
· ∇θ − ηθ˙ − ψ˙ ≥ 0 (4.0.16)
with
T∗ = J Re>TRe and T = UeT∗Ue−1. (4.0.17)
Free energy
We assume a free energy density of the functional form :
ψ = ψˆ (Ce,B, ξ, θ) −→ ψ˙ = ∂ψ
∂Ce























θ˙ +Π ≥ 0 (4.0.19)
where







is the total dissipation per unit reference volume.











Dissipation inequality, kinetic relations and the plastic flow directions
Along with equations (4.0.21), inequality (4.0.16) reduces to






· ∇θ ≥ 0. (4.0.22)
Substituting equations (4.0.5) and (4.0.7) into Equation (4.0.22) yields







· ∇θ ≥ 0 (4.0.23)








. Assuming the material to be strongly dissipative
(Anand and Gurtin, 2003a) inequality (4.0.23) is satisfied if we enforce
k1 (sym(Z0) ·N1) γ˙ > 0 if γ˙ 6= 0, (4.0.24)(
sym(T0) ·N2 − ∂ψ
∂ξ
)




· ∇θ > 0 if ∇θ 6= o. (4.0.26)
We will assume that inequalities (4.0.24)→ (4.0.26) are obeyed at all times so that
inequality (4.0.22) will be concurrently satisfied.
Inequality (4.0.24) is satisfied if







with the constant s > 0 (with units of energy per unit volume) being the resistance
to martensitic reorientation, γ˙o > 0 a reference reorientation transformation rate,
and m1 with 0 ≤ m1 ≤ 1 a rate-sensitivity parameter for martensitic reorientation.
A solution to Equation (4.0.27) is
k1²
2








Taking the magnitude on both sides of Equation (4.0.28) yield






and N1 = ²T
sym(Z0)
|sym(Z0)| . (4.0.29)
Denoting the driving force for martensitic reorientation, σ¯∗ ≡ k1²T |sym(Z0)| ≥ 0,








For inequality (4.0.25) to be satisfied we let











with the constant fc > 0 (with units of energy per unit volume) being the resistance
to the austenite ↔ martensite phase transformation, ξ˙o > 0 a reference marten-
site generation rate, and m2 with 0 ≤ m2 ≤ 1 a rate-sensitivity parameter for
austenite ↔ martensite phase transformation. Since N2 is constrained by Equa-
tion (4.0.6), inverting Equation (4.0.30) yields the kinetic relation for the austenite
↔ martensite phase transformation :





with sign(f) = sign(ξ˙) where f ≡
(
sym(T0) ·N2 − ∂ψ
∂ξ
)
is the driving force for
austenite ↔ martensite transformation.
Finally for inequality (4.0.26) to be satisfied we enforce
q = −kth∇θ (4.0.31)
where kth > 0 is the thermal conductivity coeffecient.
Free energy density and specific constitutive functions
In this work the free energy density function, ψ = ψˆ(Ce,B, ξ, θ) will be constructed
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such that ψ = 0 if Ee ≡ lnUe = (1/2)lnCe = 0, B = 1, ξ = 0 and θ = θo where
θo denotes a reference temperature. The free energy per unit reference volume, ψ
is taken to be in the separable form
ψ = ψe(Ce, θ) + ψb(B) + ψξ(ξ, θ) + ψθ(θ) (4.0.32)
where








(θ − θT ) ξ (4.0.35)
and
ψθ(θ) = c(θ − θo)− cθ log (θ/θo) (4.0.36)
with Ee0 ≡ Ee − (1/3) (trace(Ee))1 denoting the deviatoric portion of the elastic
strain, Ee. Here µ, κ and αth are the shear modulus, bulk modulus and coefficient
of thermal expansion, respectively. For simplicity we have assumed that µ, κ
and αth are constants which do not vary with temperature and martensite volume
fraction. Analogous to rubber elasticity theory (Anand and Gurtin, 2003a) the
free energy contribution due to ψb will give rise to a back-stress with µb denoting
the constant back-stress modulus (with units of stress). Furthermore hT and θT
denote the latent heat released/absorbed (with units of energy per unit volume)
during austenite ↔ martensite phase transformation and the phase equilibrium
temperature, respectively. Finally, c represents the specific heat per unit reference
volume.
Constitutive equation for the elastic stress and entropy
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From Equation (4.0.21)1 the stress measure T




















i = ri ·Ceri, substituting equations (4.0.2), (4.0.3) and (4.0.32) into Equa-
tion (4.0.37) yields
T∗ = 2µEe0 + κ {trace(Ee)}1− 3καth(θ − θo)1. (4.0.38)
Substituting Equation (4.0.32) into Equation (4.0.21)2 yields the constitutive equa-
tion for entropy density :
η = c log (θ/θo) + 3καth(trace(E
e))− (hT/θT ) ξ. (4.0.39)
Flow rule
Since the material is elastically isotropic (T∗,Ue) are co-axial i.e. they have the
same principal directions. From Equation (4.0.17)2 we have








1, we have Z ≡ T∗−µbB −→ Z = Z>. Therefore the martensitic







During reorientation of thermally-induced martensite in the absence of austenite
↔ martensite transformation i.e. ξ˙ = 0 we define
²T γ˙ ≡
√
2/3 |Dp| −→ k1 =
√









(θ − θT ), the kinetic relation for ξ is given as







where f = (T∗0 ·N2)−
hT
θT
(θ − θT ). With (N1,N2) specified, the plastic velocity
gradient i.e the flow rule is given by
Lp = Dp =
√



















for austenite to martensite transformation.






for martensite to austenite transformation.
For all other conditions involving the sets (ζ, ξ, σ¯∗, s) and (ξ, f, fc), the transfor-
mation rates γ˙ = 0 and ξ˙ = 0, respectively.
Balance of energy
With ² = ψ + ηθ, substituting S = J TF−> along with equations (4.0.1), (4.0.4),




3/2 γ˙ µbB0 ·N1 − hT
θT
(θ − θT ) ξ˙ +Div (kth∇θ) + r = η˙θ. (4.0.42)










The evolution equation for temperature is given by substituting equations (4.0.41)
and (4.0.43) into Equation (4.0.42) :
c θ˙ = Div(kth∇θ)︸ ︷︷ ︸
heat conduction










To summarize, the list of constitutive parameters/functions that needed to cal-
ibrated/specified are
{
µ, κ, αth, kth, c, µb, hT , θT , ²T , s, fc, γ˙o, ξ˙o,m1,m2, r
}
.
A time-integration procedure based on the isotropic-plasticity-based constitutive
model for shape-memory alloys has been developed and implemented in the ABAQUS/
Explicit (ABAQUS, 2005) finite-element program by writing a user-material sub-
routine. Algorithmic details of the time-integration procedure used to implement
the model in the finite-element code are given in Appendix G.
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Figure 4.1: Schematic diagram for the single-crystal austenite to martensite trans-
formation, (a) → (b); reorientation/detwinning of martensite occurs under stress
(b) → (c) or (b) → (d); martensite to austenite transformation occurs upon heat-
ing, (c)→ (a) or (d)→ (a). Here λ, θ and σ denotes twin variant volume fraction,





5.1 Evaluation of the Isotropic-plasticity-based
Constitutive Model for Polycrystalline Ti-Ni
Alloys
In this section, the material parameters for the isotropic-based constitutive model
for martensitic reorientation and austenite-martensite phase transformation de-
veloped in the preceding section are fitted to physical experiments conducted on
polycrystalline rod and sheet Ti-Ni. All these experiments were conducted under
very-low strain-rates to ensure that isothermal conditions prevail. With the ma-
terial parameters determined, numerical simulations are carried out to predict the
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corresponding experimental results for polycrystalline rod and sheet-type SMAs in
initially martensitic state. For more details regarding the conducted experiments,
please refer to the Chapter 3.1. Finally, we show that our constitutive model is able
to predict the kinematic hardening behavior in shape-memory alloys undergoing
martensitic reorientation at temperatures below θmf .
5.1.1 Uniaxial and Multi-axial Behavior of Polycrystalline
Rod Ti-Ni
The polycrystalline rod Ti-Ni material has a martensitic finish temperature, θmf
of 305 K. Therefore, the material is in the fully martensitic phase at room tem-
perature (295 K). Several experiments under uniaxial (simple tension and simple
compression) and multi-axial (tubular torsion, combined tension-torsion and path-
change tension-torsion) loading conditions were conducted on the rod material. For
the rod material, we concentrate on modelling just the martensitic reorientation
process as one-way shape-memory effect experiments were not conducted.The ma-
terial parameters for the polycrystalline rod Ti-Ni were fitted to simple tension
and simple compression experiments. Figure 5.1(a) shows a schematic diagram
of the stress-strain response in simple tension and simple compression of a fully-
martensitic material (ξ = 1) undergoing martensitic reorientation.
Guided by Figure 5.1(a), the Young’s modulus, E is determined from the initial
slope of the stress-strain slope. By assuming a Poisson’s ratio of ν = 0.33 (Boyd and
Lagoudas, 1996), the shear modulus and bulk modulus, µ and κ, respectively can





3(1− 2ν) . The resistance
to martensitic reorientation, s is determined at the position where the non-linear
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response in the stress-strain curve first takes place after initial elastic deformation.
To determine the initial twin variant volume fraction, Λo and transformation
strain, ²T , we first let the initial volume fraction of the variant M
+ be denoted by
Λo. In tension, we enforce that variant M
+ grows at the expense of variant M−.
Conversely, in compression variantM− (with initial volume fraction of 1 - Λo) grows
at the expense of variant M+. We denote the reorientation transformation strain
in tension and compression as ²+ and ²−, respectively. From Figure 5.1(a), these
values are determined from the horizontal distances (along the strain axes) from
points a→ b and a→ c, respectively, keyed to the stress-strain curves. Therefore,
we have
(1− Λo)²T = ²+ and Λo²T = ²−. (5.1.1)
The parameters {Λo, ²T} are determined by solving equations (5.1.1). The back-
stress modulus, µb is fitted to match the hardening in the experimental stress-strain
slope during martensitic reorientation. To determine the viscoplastic parameters
{γ˙o,m1}, we assume that the deformation during martensitic reorientation is nearly
rate-independent (Liu et al., 1998). Therefore we will take γ˙o²T (the reference
reorientation strain rate) to have a value close to the experimental strain-rates,
and m1 to be sufficiently close to 0
1.
The simple tension and simple compression experiments were conducted on test
specimens with a geometry shown in Figure 5.1(b). The corresponding stress-strain
curves from the simple tension and simple compression experiments are shown in
Figure 5.1(c). Using the methodology outlined above, the values of the material
parameters for the polycrystalline Ti-Ni rod are listed in the table below.
1If the chosen strain-rate sensitivity is too close to 0, the constitutive equations will become
numerically ’stiff’.
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Material parameters for the polycrystalline rod Ti-Ni
µ = 15GPa κ = 39.2GPa µb = 1.15GPa ²T = 0.12
s = 21.6MJ/m3 γ˙o = 0.01 s
−1 m1 = 0.01 Λo = 0.31
The fits of the constitutive model (under isothermal conditions) to the ten-
sile and compressive stress-strain curves were conducted using a single ABAQUS
C3D8R three-dimensional, continuum-brick element.
Figure 5.1(c) also shows the numerical stress-strain fits from the corresponding
simple tension and simple compression finite-element simulations using the values
for the material parameters shown in the table above. The experimental stress-
strain curves are well-reproduced by the constitutive model. As also shown in
Figure 5.1(c), the constitutive model accurately reproduces a larger martensitic
reorientation/detwinning strain for tensile deformation.
With the material parameters in the constitutive model calibrated, we attempt
to predict the isothermal stress-strain responses for other experiments conducted
under a variety of tension-torsion-type loading conditions. Three different experi-
ments were performed : (1) simple torsion, (2) combined tension-torsion, and (3)
path-change tension-torsion.
Figure 5.2(a) shows the thin-walled tubular specimen geometry used for the
tension-torsion-type experiments. The initially-undeformed finite-element mesh
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using 1280 ABAQUS C3D8R elements of the tension-torsion specimen gage sec-
tion is shown in Figure 5.2(b). Figure 5.2(c) shows the experimental shear stress-
shear strain curve in simple torsion (shear). Using the initially-undeformed finite-
element mesh in Figure 5.2(b), the predicted shear stress-shear strain response
from the finite-element simulation is also plotted in Figure 5.2(c). The experimen-
tal stress-strain data from the torsion experiment is reasonably well predicted by
the constitutive model.
For the combined-tension-torsion experiment, the strain-history imposed on the
thin-walled tubular specimen is shown in Figure 5.3(a). The axial strain is increased
at a constant rate from 0 % to 3 % in 300s, while the shear strain is increased at
a constant rate from 0 % to 4.5 % in the same time period. Figures 5.3(b) and
5.3(c) show the axial stress vs. axial strain and shear stress vs. shear strain
responses, respectively for the combined-tension-torsion experiment. Using the
initially-undeformed finite-element mesh shown in Figure 5.2(b), the prediction
of the combined-tension-torsion experiment using our constitutive model is also
shown in Figures 5.3(b) and 5.3(c). The experimental stress-strain responses are
well predicted by the constitutive model.
The path-change tension-torsion experiment is a non-proportional loading con-
dition involving tensile and shear deformations. For the path-change-tension-
torsion experiment, the strain-history imposed on the twin-walled tubular spec-
imen is shown in Figure 5.4(a). Here, the axial strain is increased at a constant
rate from 0 % to 3.5 % in 300s while the shear strain is kept fixed at 0 %. Af-
ter a time of 300s, the shear strain is increased from 0 % to 7 % in 400s while
the axial strain is kept fixed at 3.5 %. The experimental axial stress vs. axial
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strain and shear stress vs. shear strain responses for the path-change-tension-
torsion experiment are shown in Figures 5.4(b) and 5.4(c), respectively. Using
the initially-undeformed finite-element mesh shown in Figure 5.2(b), the predic-
tion of the path-change-tension-torsion experiment using our constitutive model is
also shown in Figures 5.4(b) and 5.4(c). The experimental stress-strain curves are
reasonably-well reproduced by the constitutive model. From the experimental axial
stress vs. axial strain response (Figure 5.4(b)), it can be seen that the axial stress
level keeps dropping once the shear strain is increased from 0 % to 7 % (while the
axial strain is kept fixed at 3.5 %). This experimental trend is also well-predicted
by the finite-element simulation.
5.1.2 SME of Polycrystalline Sheet Ti-Ni
The polycrystalline sheet Ti-Ni material have θmf = 207K, θms = 228K, θas =
277K and θaf = 294K. Here, θms and θas denote the martensitic start and
austenitic start temperatures, respectively. To investigate the tensile stress-strain
behavior of the polycrystalline sheet Ti-Ni undergoing martensitic reorientation,
we have performed experiments at a temperature of 200 K (< θmf ). The geom-
etry of the dog-bone specimen used in our simple tension experiments are shown
in Figure 5.5(a). The corresponding experimental stress-strain curve for the sheet
material is shown in Figure 5.5(b).
The elastic and variant reorientation material parameters for the initially-martensitic
polycrystalline sheet Ti-Ni were fitted to a simple tension experiment conducted at
a temperature of 200 K using the methodology outlined above. However, the only
parameter which was not fitted to the experiments is the initial variant volume
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fraction (Λo). This is because we were unable to perform a simple compression
experiment on the sheet material. Assuming that the variant reorientation trans-
formation strain in simple compression is identical to its tensile counterpart, we
obtain Λo = 0.5 (which we will henceforth assume for all the experiments involving
the sheet material).
Material parameters for the polycrystalline sheet Ti-Ni
µ = 11.3GPa κ = 29.4GPa µb = 0.3GPa ²T = 0.13
s = 22.1MJ/m3 γ˙o = 0.01 s
−1 m1 = 0.01 Λo = 0.5
αth = 6.6× 10−6K−1 c = 2.1MJ/Km3 kth = 8.6W/mK θT = 252.12K
hT = 44.9MJ/m
3 fc = 7.28MJ/m
3 ξ˙o = 0.2 s
−1 m2 = 0.01
Using the material parameters listed in the table above2, the fit of the constitu-
tive model to the experimental stress-strain data shown in Figure 5.5(b) was per-
formed using a single ABAQUS C3D8R finite-element. The fit of the constitutive
model to the experimental stress-strain response is also plotted in Figure 5.5(b).
The fit is in good accord with the experimental stress-strain curve. Figure 5.5(c)
shows the experimental stress-strain-temperature response for the one-way shape-
memory effect. The initial loading (point a→ b in Figure 5.5(c)) causes martensitic
reorientation to occur. Upon reverse loading to zero stress (point b → c in Fig-
ure 5.5(c)), a residual(permanent) deformation exists in the material due to the
prior martensitic reorientation/detwinning process. Increasing the temperature of
the specimen to 294 K (≈ θaf ) results in the complete recovery of the residual
2The value for the parameters {θT , hT } in this table was obtained from material parameters
for the polycrystalline Ti-Ni sheet in Chapter 3.1.2.
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deformation (point c → d in Figure 5.5(c)). Assuming the martensite to austenite
transformation is nearly rate-independent, the value for the austenite ↔ marten-
site rate sensitivity parameter, m2 is chosen to be close to zero. The resistance
for the austenite ↔ martensite phase transformation, fc is chosen to fit the the
temperature in the experimental stress-strain-temperature response shown in Fig-
ure 5.5(c) where the first instance of transformation from martensite to austenite
occurs under zero stress. The reference austenite ↔ martensite transformation
rate, ξ˙o is chosen to match the experimental rate at which the transformation from
martensite to austenite occurs under zero stress (as shown by the experiment in
Figure 5.5(c)).
Using the material parameters determined for the polycrystalline sheet Ti-Ni,
the fit of the numerical stress-strain-temperature response for this one-way shape-
memory effect cycle is also shown in Figure 5.5(c). The experimental stress-strain-
temperature curve is well-approximated by the constitutive model.
Boundary value problem 1 : Arterial stent section
With the model parameters calibrated, we study the deformation behavior of
a stent unit cell machined out from the sheet material. The geometry of the stent
section is shown in Figure 5.6(a). The two grip sections of the stent unit cell are
inserted into, and clamped by the grip of a universal testing machine (UTS). The
stent section is maintained at an initial temperature of 200 K (< θmf ) before the
experiment begins. One UTS grip is kept fixed whereas the other UTS grip pulls
away along direction-2 with a constant velocity. A single one-way shape-memory
effect loading cycle is imposed on the stent section. Figure 5.7 shows the load-
displacement-temperature response for this experiment. The stent section returns
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to its original shape at a temperature of approximately 294 K.
Figure 5.6(b) shows the initially-undeformed mesh of the stent unit cell using
1304 ABAQUS C3D8R elements. The boundary conditions for the stent section
are as follows : The nodes on the bottom face are prevented from motion whereas a
constant velocity profile (which matches the experimentally-applied velocity profile)
along direction-2 is prescribed for the nodes on the top face. All the nodes which
make up the stent section have an initial temperature of 200 K.
Using the material parameters determined and the initially-undeformed mesh of
the stent section shown in Figure 5.6(b), the numerical prediction for the one-way
shape-memory effect experimental stress-strain-temperature response of the stent
section is also shown in Figure 5.7. The experimental response is well-predicted
by the constitutive model. Figures 5.7(a) and 5.7(b) show the corresponding ge-
ometry of the stent section keyed to points of maximum displacement (point a)
and shape recovery (point b) on the experimental load-displacement-temperature
curve. The numerical prediction of the stent sections’ geometry (along with the
contours of martensitic volume fraction) at the point of maximum displacement
and the point of shape recovery are shown in Figures 5.7(c) and 5.7(d), respec-
tively. The experimentally determined stent section shapes at points a and b keyed
to the experimental load-displacement-temperature response shown in Figure 5.7
are accurately reproduced by the finite-element simulations.
Boundary value problem 2: An SMA micro-clamper
Finally, we perform numerical simulations on another boundary value prob-
lem which utilizes the one-way shape-memory effect : An SMA micro-clamper
for biological materials. Figure 5.8(a) shows the initially-undeformed mesh of the
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micro-clamper assembly consisting of two SMA sheets initially in the fully marten-
sitic state meshed using 576 ABAQUS C3D8RT continuum-brick elements, and a
steel support meshed using 96 ABAQUS C3D8RT elements. The SMA sheets are
assumed to be perfectly bonded at their interfaces with the steel support. The
biological material is meshed using 216 ABAQUS C3D8RT elements.
The material parameters for the SMA sheets are assumed to be the same as
those for the polycrystalline Ti-Ni sheet i.e. the constitutive parameters shown
in table above. The steel is taken to behave as a linear elastic material with a
Young’s modulus of 200 GPa and a Poisson’s ratio of 0.33. The biological material
is assumed to have human arterial tissue-like properties, and is modelled using
the 5-parameter third-order Mooney-Rivlin hyperelastic material model (Lally et
al., 2005) with the corresponding constitutive parameters given in Chapter 5.2.
The gripping procedure consists of three steps : (1) The separation of the two
SMA sheets at a temperature below θmf ; (2) insertion of the micro-clamper over the
biological material; and (3) increase of the micro-clamper temperature to above θaf
which results in the gripping effect. The separation of the sheets is performed by
pulling apart its free ends. Due to bending stresses, martensitic reorientation will
occur in the SMA sheets. Once the separating force is released, elastic unloading
(spring-back) of the sheets occur. Since there is residual deformation in the SMA
sheets which are caused by the martensitic reorientation process, the gap between
the SMA sheets will remain larger than the width of the biological material.
Figures 5.8(b) and 5.8(c) show step 1 and step 2 of the gripping procedure,
respectively. Once the micro-clamper assembly is inserted over the biological ma-
terial, the temperature of the SMA sheets is increased to above θaf by heating the
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fixed ends of the sheets which are in contact with the steel support. We perform a
coupled temperature-displacement calculation so that the gradual increase of the
SMA sheets’ temperature is caused by the conduction of heat from its fixed ends
to the free ends. Figure 5.8(d) shows an intermediate step where the gap between
the two SMA sheets closes due to an increase in its temperature. When the over-
all temperature of the SMA sheets is above θaf , the gap between the two SMA
sheets will return to its original separation as shown in Figure 5.8(a). However,
Figure 5.8(d) shows that the SMA sheets are now in the fully austenitic state as a
result of its temperature being above θaf . Therefore, the clamping of the biological
material occurs (as evidenced by the stressing in the biological material) due to
the closing of the gap between the two SMA sheets.
Kinematic hardening behavior in polycrystalline SMAs
Here we will model the kinematic hardening behavior exhibited by polycrys-
talline shape-memory alloys undergoing martensitic reorientation. As an example,
we will attempt to numerically reproduce the cyclic tension and compression ex-
periment of Nakanishi et al. (1973) conducted on a polycrystalline Au-Cd shape-
memory alloy at a temperature below θmf . The loading program for this experiment
is as follows: Initially in the unstressed and unstrained state, the polycrystalline
alloy is first deformed to a tensile strain of 4 %. The second loading cycle consists
of a reverse loading to a compressive strain of 4.5 %. Finally, the third loading
cycle is a reverse loading from a compressive strain of 4.5 % to a strain of 0 %.
Figure 5.9 shows the experimental stress-strain curve for this cyclic tension and
compression experiment. From this experimental stress-strain curve, there are two
main observations that can be made.
108
Observation 1 : Note that the tensile stress level at which martensitic reorien-
tation first occurs during the first loading cycle (point A keyed to the experimental
stress-strain curve shown in Figure 5.9) is larger than the absolute stress level at
which martensitic reorientation first occurs during the deformation under a com-
pressive stress state (point B keyed to the experimental stress-strain curve shown
in Figure 5.9).
Observation 2 : The tensile stress level at which martensitic reorientation first
occurs during the third loading cycle (point C keyed to the experimental stress-
strain curve shown in Figure 5.9) is lower than tensile stress level at which marten-
sitic reorientation first occurs during the first loading cycle.
The main cause which leads to Observations 1 and 2 is the development of
back-stresses during the martensitic reorientation process i.e. kinematic
hardening occurs as the martensitic reorientation process takes place.
To model this experiment, we fit the material parameters in our constitutive
model to the experimental cyclic tension and compression stress-strain curve shown
in Figure 5.9. Guided by the methodology outlined in previous subsections, the
material/constitutive parameters used to fit this experimental cyclic tension and
compression stress-strain curve is shown below:
Material parameters for a polycrystalline Au-Cd SMA
µ = 2.26GPa κ = 5.88GPa µb = 200MPa ²T = 0.063
s = 1.51MJ/m3 γ˙o = 0.01 s
−1 m1 = 0.01 Λo = 0.5
Using this set of material parameters, the fit of our constitutive model to the
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cyclic experimental stress-strain curve is also shown in Figure 5.9. The experimen-
tal stress-strain response is well-reproduced by the finite-element simulation. In
particular, the constitutive model is accurately predicting the experimental trends
which were discussed in Observations 1 and 2 above.
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5.2 Thermal Deployment of a Self-expandable Biomed-
ical Stent in Plaqued Artery
Heart attacks and strokes are the two leading mortality causes amongst humans, es-
pecially in developed countries, where it is often the number one cause of death and
disability (see http://www.intelihealth.com/IH/ihtIH/WSIHW000/9339 /18662.html).
Both of these conditions are the result of arterial wall diseases caused mainly by
atherosclerosis, which refers to the hardening of the arterial walls due to forma-
tion of plaques (see http://en.wikipedia.org/wiki/Atherosclerosis). The formation
of plaque occurs when substances like fat and cholesterol are deposited in the
artery lining. As the plaque gradually grows and accumulates, the artery walls will
thicken. Since there is a limit to how much the artery wall can expand outwards,
the plaque formation will eventually cause the lumen to narrow. The narrowing
of the lumen, called stenosis, is highly dangerous because it may prevent efficient
blood supply to important organs, in the extreme case when total occlusion occurs
in the arteries supplying blood to the heart or brain, a heart attack or stroke may
occur respectively (Elhnedy et al., 2006)
Surgical methods include heart bypass operations for treating diseased coro-
nary artery, or replacement of the stenosed artery by cutting and grafting over a
portion of a healthy vein. While surgical methods generally have better long-term
results, they may be painful and require longer hospitalization periods for patients.
Angioplasty, which is the modification of a stenosed artery by mechanical meth-
ods, is a minimally invasive method that involves both less pain and risk for the
patient. This therefore makes it the more popular treatment method as compared
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to surgery. The most recent method of angioplasty is by introducing a metallic
tubular mesh called a stent into the artery which acts as a scaffold to support the
arterial walls.
Due to Ti-Ni’s good bio-compatibility and corrosion resistance, it has become an
attractive candidate material for the medical application of stent in angioplasty.
Currently in surgical angioplasty, stenting into artery by means of thermal de-
ployment with a self-expandable Ti-Ni stent proves to be a safer and promising
technique, compared with the conventional stenting with a balloon-expandable
stainless-steel stent (detailed in Appendix H). Before the angioplasty, a self-expandable
Ti-Ni stent (typically laser-cut from a tube to a desired pattern, and subsequently
electro-polishing too remove any burrs) is crimped from its original expanded shape
in its fully martensitic state by a sheath to a very small diameter and is mounted
at the end of a catheter. Flushing with chilled saline solution through the catheter
keeps the stent constrained in the compressed martensitic state by the delivery
systems to prevent premature deployment (Stoeckel et al. 2003). A guide wire
is inserted into an artery from either the arm or leg, directing a catheter to the
site of stenosis. After being mounted and delivered to the target site, due to the
body temperature, the stent transforms from martensitic to austenitic phase and
recovers its original expanded shape (usually a larger diameter than the artery)
instantaneously, compresses the plaque and in turn widens the lumen. After de-
ployment, the catheter and guide wires are removed from the body while the stent
remains implanted within the artery. The stent maintains a constant radially out-
ward mechanical force on the artery which prevents the artery from narrowing
again (Auricchio and Taylor, 1997).
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By using a constitutive model for SMA Ti-Ni, allowing analysis of the en-
tire range of Ni-Ti behavior with complex geometries at different loading condi-
tions, the finite-element analysis can serve as a pre-clinical testing methodology
to determine the biomechanical attributes of cardiovascular stents. The isotropic-
based constitutive model for martensitic reorientation and shape-memory effect in
SMAs developed in previous section will be implemented into ABAQUS/Explicit
(ABAQUS, 2005). The numerical simulation we performed below aims to study
the three-dimensional stress states induced by the shape-memory Ni-Ti biostent
angioplasty and the interaction between the bio-stent, artery and plaque during
thermal deployment.
Model geometry
The axial cross-section of the initially-undeformed mesh for the stenting system,
including stent, artery and plaque, is shown in Figure 5.10(a). The self-expandable
Ti-Ni stent with a length of 10.4484mm, an inner radius RSI of 1.8mm and a thick-
ness of 0.1mm, was meshed using 18,144 ABAQUS C3D8R elements. The whole
stent is made of 9 repeating units, each of which has a length of 3.4828mm and
radian of 120o. The geometry of the repeating unit and the initial finite-element
mesh of the full stent are shown in Figure 5.10(b) and Figure 5.10(c), respectively.
The longitudinal cross-section of the initially-undeformed mesh for artery and
plaque by using 2592 and 1512 ABAQUS C3D8R elements is shown in Figure 5.10(d).
The atherosclerotic coronary artery was modeled as an ideal vessel and represented
by a cylinder with length of 12mm, inside radius RAI of 1.5mm and outside radius
RAO of 2.25mm. The geometry of the plaque was modeled to be thicker at the center
of the plaque volume. The inner radius of the plaque, RPI was modeled to be 0.8mm
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at proximal (situated nearest to the point of origin, i.e. y-central axis) and 1.47mm
at distal (situated farthest from point of origin). The outside radius of plaque, RPO
was modeled to be 1.5mm. Hence, the thickness of the plaque was assumed to be
identical throughout the distance from distal, i.e. 0.03mm. On the contrary, the
thickness of the plaque at the proximal is 0.7mm. The plaque corresponds to a
maximum stenosis of 71.56% of the proximal and distal lumen cross section area.
The plaque was assumed to be flat for a length of 4mm at proximal and 7mm at
distal. The internal surface of artery is tied with the external surface of plaque
with no relative displacement.
Material properties
The artery and plaque are modeled using the 5-parameter third-order Mooney-
Rivlin hyperelastic material model with the corresponding constitutive parameters
given in Lally et al. (2005). Based on the results of previous studies (Carew et
al., 1968; Dobrin and Rovick, 1969), arterial tissues are usually taken to be in-
compressible. However, an entirely incompressible material will not allow for the
propagation of stress wave with which ABAQUS Explicit carries out its calcula-
tions. Therefore we have set the Poisson ratio, ν, of both the artery and plaque
to be 0.495, which makes it very close to incompressible (incompressible materials
have Poisson ratios of 0.5). This can be used to calculate the ratio of initial bulk
modulus to initial shear modulus, which will work out to be 100. The constants
C10, C01, C20, C11, C30 for both artery and plaque are listed in the table below.
The self-expandable stent is modeled using the 3D isotropic-based constitutive
model developed in previous section. The constitutive parameters used in this
analysis were chosen from our Ni-Ti polycrystalline sheet in Chapter 5.1.2.
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Hyperelastic parameters for artery and plaque






Thermal deployment step procedure and boundary conditions
The simulation for the thermal-deployment of a SME biostent could be divided
into four steps: (1) the compression of stent; (2) the insertion of crimped stent
into the vessel; (3) the release of constraint on the stent; and (4) the heat-recovery
of stent due to SME at body temperature. The deformed configuration, together
with the contour for martensitic volume fraction in the stent, at the end of each
step is shown in Figure 5.11(a) → (d), respectively.
In the first step, as shown in Figure 5.11(a) the stent was first crimped in initially
fully martensitic state at θ = 270K, which is very close to storage temperature for
a clinic biostent before thermal deployment. The initial temperature of the artery
and plaque were set to be human body temperature of 310K. By transforming the
Cartesian coordinate system into a Cylindrical coordinate system, the stent was
compressed by a radial displacement of 1.4mm within 30s for all the stent nodes
until the outside radius of the stent was 0.6mm(< RPO=0.8mm). At the same time,
an internal pressure of 13.3KPa was applied to the vessel (plaque as well as artery),
corresponding to mean blood pressure of 100mmHg. The artery and plaque are
fixed in angular degree of freedom to avoid relative rotation.
In the second step, as shown in Figure 5.11(b) the stent was kept in its pre-
deformed shape and deployed along y-axis into the vessel within 5s without surface
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contact with the plaqued artery. After the longitudinal center plane of stent was
aligned with that of the plaqued artery, the third step started: the radial constraints
on the stent were released, and the stent was expanded gradually by a smooth
radial displacement of 0.2mm within 10s unitl the external stent surface touched
the internal surface of plaque. This aimed to simulate the removal of the catheter
and avoid sudden impacts between stent and plaque surfaces during the next heat-
recovery step.
In the last step, within 40s, the temperature of the stent was raised from 270K
to 310K, which is above the austenite finish temperature, θaf = 293K. Instead of
heat conduction from surfaces of plaque and artery (at body temperature), a linear
incremental temperature profile was assigned to each node on the stent due to the
consideration of computational costs.
Results and discussion
Due to shape-memory effect, at body temperature (θ = 310K) the reoriented
martensite to austenite phase transformation took place and the stent tended to re-
cover to its original shape, resulting in a radial reaction force on the plaqued artery
and expansion of the lumen. Eventually the stent, plaque and artery reached a
force balance and the martensite volume fraction within the stent decreased to 0,
as shown in Figure 5.11(d).
The stress distribution within the plaque and artery on axial and longitudinal
cross-section at the end of thermal deployment is shown in Figure 5.12(a) and
Figure 5.12(b), respectively. Comparing Figure 5.11(d) and Figure 5.12(b), we
notice that stress concentration, with a maximum stress of 1MPa, is localized at
each end of proximal plateau on the inner surface of the plaque and was mainly
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caused by the bending of stent struts over small but compliant cuboid joints. More
specifically, the ununiformed radius of plaque along longitudinal direction results
in a gap between stent and plaque (indicated clearly by two ring-shape low-stress
field along both sides of the plaque), which consequently diverts expansion force to
the neighbouring struts. This localised high stress concentration indicates a risk of
plaque rupture at this region, where most plaque raptures have been reported to
occur (Lally, 2003; Veress, 1998).
At the end of thermal deployment, the internal radius of plaque increased to
9.6mm (Figure 5.12(a)), which corresponds to an increase of 20% in radius and
44% in lumen area. As a contrast, in Appendix H we performed a numerical
simulation for the implementation of a balloon-expandable stainless-steel stent into
the plaqued artery. Eventually, the lumen area has been expanded by 30%, while
the maximum stress within the plaque increased to at least 4.5MPa when the
balloon is fully inflated (Figure H.4). Hence the potential advantage of using self-
expandable Ti-Ni stent over conventional ballon-expandable stainless-steel stent
in surgical angioplasty is more lumen expansion ratio with relatively lower risk of
plaque raptures.
This reasonably complex calculation for the Ti-Ni biostent using ABAQUS/Explicit
(ABAQUS, 2005) with relatively low kinetic responses took approximately 367
hours to complete on a present-day workstation-class machine. Using an implicit
finite-element formulation (ABAQUS/Standard) will surely decrease the compu-
tational cost, since large time steps can be taken while maintaining quasi-static
loading conditions. However, explicit scheme is advantageous when the analysis is

























































Figure 5.1: (a) Schematic diagram of stress-strain responses for a shape-memory
alloy undergoing martensitic reorientation in tension and compression. (b) Geome-
try of the tension and compression specimen. (c) Experimental stress-strain curves
in simple tension and simple compression. The data from these experiments were
used to determine the material parameters in the constitutive model. The curve
fits from the finite-element simulations are also shown. Absolute values of stress
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Figure 5.2: (a) Geometry of the tension-torsion specimen. (b) Undeformed mesh of
1280 ABAQUS C3D8R elements. Direction-3 denotes the rod axis. (c) Experimen-
tal stress-strain curve in torsion. The numerical prediction from the finite-element
simulation is also shown.
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Figure 5.3: (a) Axial and shear strain-rate profiles for the combined tension-torsion
experiment. Experimental stress-strain curves in (b) tension and (c) shear. The
numerical prediction from the finite-element simulations are also shown.
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Figure 5.4: (a) Axial and shear strain-rate profiles for the path-change tension-
torsion experiment. Experimental stress-strain curves in (b) tension and (c) shear.







































































Figure 5.5: (a) Geometry of the sheet tension specimen. The sheet specimen has a
thickness of 0.38 mm. (b) Experimental stress-strain curve in simple tension. This
experiment was used to fit the material parameters which govern the martensitic
reorientation process. The numerical fit from the finite-element simulation is also
shown. (c) Experimental stress-strain-temperature curve in tension for a one-way
shape-memory effect cycle. The experimental strain-temperature response was used
to fit the material parameters for the austenite↔ martensite phase transformation























Figure 5.6: (a) Specimen geometry for the stent unit cell. The stent has a thickness
of 0.38 mm. (b) Undeformed mesh of the tested section of the stent unit cell using







































Figure 5.7: Experimental load-displacement-temperature curve for the stent unit
cell undergoing a single one-way shape-memory effect cycle. The prediction
from the constitutive model is also shown. The actual specimen geometry at
(a) the point of maximum displacement in the experimental load-displacement-
temperature curve, and (b) the point where full shape recovery occurs due to an
increase in stent unit cell temperature to above θaf . Figures (c) and (d) are the
predictions from the finite-element simulation for the experimentally-determined
stent’s shapes shown in Figures (b) and (c), respectively. Also shown in Figures






























Mises stress  (b) (c)
(d) (e)
} micro-gripper
Figure 5.8: (a) Undeformed meshes of the SMA sheets using 576 ABAQUS C3D8RT
elements, the steel support using 96 ABAQUS C3D8RT elements, and the biological
material using 216 ABAQUS C3D8RT elements. The gripping procedure consists
of (b) the separation of the SMA sheets, (c) the insertion of the micro-clamper
assembly over the biological material, and (d,e) the heating of the SMA sheets to a
temperature above θaf which will result in the shape recovery of the SMA sheets.
Figures (b) to (e) also show the contours of the martensitic volume fraction in
the SMA sheets, and the Mises stress contours (units of MPa) for the biological
material.
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Figure 5.9: Experimental stress-strain curve for a polycrystalline Au-Cd shape-
memory alloy experiencing a cyclic tension and compression loading program
(Nakanishi et al., 1973). This experiment was used to fit the material parame-
ters which govern the martensitic reorientation process. The numerical fit from the



































Figure 5.10: (a) The complete stenting system, including stent, artery and plaque.
(b) The geometry of the repeating unit of the stent with its initial undeformed mesh
using 2016 ABAQUS C3D8R elements. All dimensions are in millimeters. (c) The
initial finite-element mesh of the full stent using 18,144 ABAQUS C3D8R elements.
(d) The longitudinal cross-section view of the initial undeformed mesh for artery






























Figure 5.11: The deformed configuration and contour for martensitic volume frac-
tion in the Ti-Ni self-expandable stent at the end of each step in the simulation for
the thermal-deployment of a SME biostent: (a) the compression of stent; (b) the
insertion of the crimped stent into the vessel; (c) the release of constraint on the






















Figure 5.12: The residual stress distribution within the plaque and artery on (a)
axial and (b) longitudinal cross section, respectively, after the thermal deployment
of the self-expandable stent.
Chapter 6
Conclusion and Future Work
The main focus of the study was to develop constitutive models for martensitic
reorientation, detwinning and austenite-martensite phase transformation in shape-
memory alloys (SMAs).
Review of Main Findings
A crystal-mechanics-based constitutive model for martensitic reorientation, detwin-
ning and austenite-martensite phase transformation in shape-memory alloys has
been developed and implemented in a finite-element program. We have shown
that the model is able to quantitatively predict the thermomechanical response of
initially-martensitic and textured polycrystalline Ti-Ni rod undergoing martensitic
reorientation and detwinning in a variety of tension, compression, torsion, pro-
portional combined tension-torsion and non-proportional path-changing tension-
torsion experiments to good accord. In particular we have shown that the crys-
tallographic texture and initial martensitic microstructure are the main causes for
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the anisotropic response in the polycrystalline SMAs, which is in substantial agree-
ment with the experimental observation by Xie at al. (1998) and Liu et al. (1998).
We have also shown the applicability of the Taylor-type model (1938) as a rea-
sonably accurate and computationally inexpensive method to determine the re-
sponse of textured Ti-Ni in multi-axial setting. The experimental shape-memory
effect stress-strain-temperature responses of initially textured polycrystalline Ti-Ni
sheets along the 45o, rolling and transverse direction during shape-memory effect
were successfully predicted by the numerical simulation of the model.
To the best of our knowledge this is first time a combined theoretical, nu-
merical and experimental effort has been conducted in studying the martensitic
reorientation, detwinning, and the shape-memory effect of a polycrystalline Ti-Ni
shape-memory alloy under a variety of uniaxial and multi-axial stress-states.
The applicability of this crystal-mechanics-based constitutive model has been
examined for variant reorientation in a single crystal shape-memory alloy. Its
numerical simulations quantitatively predicts the mechanical response of a single
crystal NiMnGa magnetic shape-memory alloy in a variety of simple compression,
plain strain compression, compression-tension and three point bending experiments
to good accord. Moreover, it captures the main feature of microstructural evolution
in a single crystal shape-memory alloy undergoing variant reorientation, as well
as the effect of initial martensitic microstructure on the macroscopic deformation
behavior.
There is a significant computational cost in implementing the crystal-mechanics-
based constitutive model on a polycrystalline aggregate for design purposes. There-
fore, an isotropic-based constitutive model for martensitic reorientation/detwinning
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and austenite-martensite phase transformation has been developed using the well-
established theory of isotropic metal plasticity and rubber elasticity. This model
has been implemented in a finite-element program by writing a user-material sub-
routine to model the behavior of polycrystalline SMAs. Its numerical simulations
reproduced various experimental responses of textured polycrystalline SMAs in
initially-martensitic state well, even under multi-axial loading. The predicted load-
displacement-temperature response of a biomedical stent is in good accord with the
corresponding experimental results. The study here has proved that the isotropic-
based constitutive model can be used to efficiently design polycrystalline SMA
components before any actual prototype is built, when suitably numerically imple-
mented and calibrated, and its range of applicability verified.
Future Work
(1) It is necessary to investigate the limitation in the isotropic-based constitutive
model for material anisotropy due to martensitic microstructure or crystallographic
texture. Although the isotropic-based constitutive model can decrease the compu-
tational costs to a great extent, the accuracy of the simulation is highly restricted
by the hypothesis of relatively simple microstructure and weak texture. However,
such a hypothesis limits the practical applicability of the model since microstruc-
ture and texture are well-known as the two dominant factors governing overall
thermomechanical responses in SMAs. A simple constitutive model which could
also take into account of anisotropy introduced by martensitic microstructure and
crystallographic texture should be developed for the sake of more accurate predic-
tions at low computational costs.
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(2) As shown in Chapter 3.2, the reorientation of martensitic variants in a single
crystal NiMnGa magnetic shape-memory alloy is caused by an external stress field.
The inelastic strain due to stressing can also be obtained by applying an external
magnetic field, which makes NiMnGa a promising candidate material for actuators
and sensors. A coupled magneto-mechanical model needs to be developed, and
verified by a variety of experiments on our single crystal NiMnGa under different
coupled stress-magnetic loading conditions.
(3) The extension of these constitutive models to practical applications should
be another focus of future study. Mirco-tube, biomedical stent and actuator in
MEMS should be fabricated from single-crystal or polycrystalline SMAs and ex-
periments under practical loading conditions should be conducted on these SMA
components to investigate their thermomechanical responses. With material prop-
erties properly calibrated, numerical simulations should be carried out and com-
pared with corresponding experimental results to serve as guides for future design
or innovation. For example, the artery and plaque we used in the simulation for the
self-expandable stent in Chapter 5.2 is a straight tube vessel without complicated
boundary conditions like pre-stretching, pre-bending and pre-torsion. Moreover,
the introduction of viscous blood-like fluid into this pre-deformed plaqued artery
will make our future FEM simulation more realistic and applicable to new designs.
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In this appendix we summarize the time-integration procedure that we have used
for our rate-independent single crystal constitutive model. With t denoting the
current time, ∆t is an infinitesimal time increment, and τ = t + ∆t. The al-
gorithm, which closely follows that developed by Anand and Kothari (1996) for
rate-independent crystal plasticity, is as follows:
Given: (1) {F(t),F(τ), θ(t), θ(τ)}; (2) {T(t),Fp(t)}; (3) {Si0,Zij0 (t),Pi0(t), τ ic , σijc , f ic};
(4) the hpv system volume fractions ξi(t); (6) the variant twin fraction λi(t); (7)
the effective variant volume fractions {ζ i(t), ζ ic(t)}.
Calculate: (a){T(τ),Fp(τ)}, (b) {Zij0 (τ),Pi0(τ)}, (c) the updated hpv system
volume fraction ξi(τ), (d) the variant twin volume fractions λi(τ), (e) the effective
variant volume fractions {ζ i(τ), ζ ic(τ)}, and march forward in time.
The steps used in the calculation procedure are:
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Step 1. Calculate the trial elastic strain Ee(τ)trial:
Fe(τ)trial = F(τ)(Fp(t))−1, (A.0.1)
Ce(τ)trial = (Fe(τ)trial)>Fe(τ)trial, (A.0.2)
Ee(τ)trial = (1/2)
{
Ce(τ)trial − 1} . (A.0.3)
Step 2. Calculate the trial elastic stress T∗(τ)trial:
T∗(τ)trial = C[Ee(τ)trial −A(θ(τ)− θ0)].
Step 3. Calculate the trial resolved force τ i(τ)trial on each detwinning system,
σij(τ)trial on each hpv reorientation system and f i(τ)trial on each A-M phase trans-
formation system. The detwinning, hpv reorientation and A-M phase transforma-
tion resolved force are defined as τ i(τ) = {Ce(τ)T∗(τ)} · Si0, σij(τ) = {Ce(τ)T∗(τ)}
·Zij0 (τ) and f i(τ) = {Ce(τ)T∗(τ)} ·Pi0(τ)−
hT
θT
(θ − θT ), respectively. For infinites-
imal elastic stretches the resolved forces may be approximated at by τ i(τ)
.
= T∗(τ)
·Si0, σij(τ) .= T∗(τ) · Zij0 (t) and f i(τ) .= T∗(τ) ·Pi0(t)−
hT
θT
(θ − θT ). Accordingly,
the trial resolved forces are calculated as
τ i(τ)trial = T∗(τ)trial · Si0 (A.0.4)
and
σij(τ)trial = T∗(τ)trial · Zij0 (t). (A.0.5)
and
f i(τ)trial = T∗(τ)trial ·Pi0(t)−
hT
θT
(θ − θT ) (A.0.6)
Step 4. Suppress hpv reorientation and detwinning at temperature above θaf :
If θ ≥ θaf , τ ic = 10τ ic and σijc = 10σc. (A.0.7)
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Suppress M → A phase transformation at temperature below θmf :
If θ ≤ θmf , f ic = 10f ic . (A.0.8)
Step 5. Determine the set PA1 of potentially active detwinning systems which
satisfy
τ i(τ)trial − τ ic > 0, 0 ≤ ζ i(t) < ζ ic(t) and 0 < ζ ic(t) ≤ 1 (A.0.9)
for forward detwinning, and
τ i(τ)trial + τ ic < 0, 0 < ζ
i(t) ≤ ζ ic(t) and 0 < ζ ic(t) ≤ 1 (A.0.10)
for reverse detwinning.
Next we determine set PA2 of potentially active hpv reorientation systems which
satisfy
σij(τ)trial − σijc > 0, 0 ≤ ξi(t) < 1 and 0 < ξj(t) ≤ 1 (A.0.11)
for forward hpv reorientation and
σij(τ)trial + σijc < 0, 0 < ξ
i(t) ≤ 1 and 0 ≤ ξj(t) < 1 (A.0.12)
for reverse hpv reorientation.
Then, we determine the set PA3 of potentially active A-M phase transformation
systems which satisfy
f i(τ)trial − f ic > 0, 0 ≤ ξi(t) < 1 and 0 ≤ ξ(t) < 1 (A.0.13)
for forward A-M phase transformation, and
f i(τ)trial + f ic > 0, 0 < ξ
i(t) ≤ 1 and 0 < ξ(t) ≤ 1 (A.0.14)
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k = 1, ..., K, rl = K +1, ..., N and p = N +1, ..., O. Here K is the total number of
potentially transforming systems due to detwinning only, and N −K is the total
number of potentially transforming systems due to hpv system reorientation only,
and O is the total number of potentially transforming systems due to detwinning,
hpv system reorientation and A-M Phase transformation. Of the O potentially
active systems in the set PA = PA1⋃PA2⋃PA3, only a subset A with elements
M ≤ O, may actually be active (non-zero increments). This set is determined in
an iterative fashion described below.
During detwinning, the active systems must satisfy the consistency conditions
τ i(τ)± τ ic = 0 (A.0.16)
where the − sign holds for the forward detwinning and the + sign hold for the
reverse detwinning.
During hpv system reorientation, the active systems must satisfy the consistency
conditions
σij(τ)± σijc = 0 (A.0.17)
where the − sign holds for the forward hpv reorientation and the + sign hold for
the reverse hpv reorientation.
During A-M Phase transformation, the active systems must satisfy the consis-
tency conditions
f i(τ)± f ic = 0 (A.0.18)
144
where the − sign holds for the forward A-M Phase transformation and the + sign
hold for the reverse A-M Phase transformation.
Retaining the terms of first order in ∆λ¯
k
, ∆γrl and ∆ξp0 using equations (A.0.4)
and (A.0.15) it is straightforward to show that













































0 · C[sym(Ce(τ)trialPp0(t))] (A.0.23)
Here, with xrl2 ≡ ∆γrl and xp3 ≡ ∆ξp0we have
bi1 = τ
i(τ)trial − τ ic > 0, and xi1 ≡ ∆λ¯i > 0 (A.0.24)
for forward detwinning, and
bi1 = τ
i(τ)trial + τ ic < 0, and x
i
1 ≡ ∆λ¯i < 0 (A.0.25)
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for reverse detwinning.
Retaining the terms of first order in ∆λ¯
k
, ∆γrl and ∆ξp0, using equations (A.0.5)
and (A.0.15) it is straightforward to show that













































0 (t) · C[sym(Ce(τ)trialPp0(t))] (A.0.30)
Here, with xk4 ≡ ∆λ¯k and xp6 ≡ ∆ξp0 we have
bij2 = σ
ij(τ)trial − σijc > 0, and xij5 ≡ ∆γij > 0 (A.0.31)
for forward hpv reorientation, and
bij2 = σ
ij(τ)trial + σijc < 0, and x
ij
5 ≡ ∆γij < 0 (A.0.32)
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for reverse hpv reorientation.
Retaining the terms of first order in ∆λ¯
k
, ∆γrl and ∆ξp0 using equations (A.0.6)
and (A.0.15) it is straightforward to show that













































0(t) · C[sym(Ce(τ)trialPp0(t))] (A.0.37)
Here, with xk7 ≡ ∆λ¯k and xrl8 ≡ ∆γrl and we have
bi3 = f
i(τ)trial − f ic > 0, and xi9 ≡ ∆ξi0 > 0 (A.0.38)
for forward A-M phase transformation, and
bi3 = f
i(τ)trial + f ic > 0, and x
i
9 ≡ ∆ξi0 < 0 (A.0.39)
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for reverse A-M phase transformation.
Equations (A.0.20), (A.0.27) and (A.0.34) are then combined to produce
∑
J∈PA
AIJxJ = bI , I ∈ PA, (A.0.40)
where if I ∈ PA1 and J ∈ PA1 then
AIJ = SI0 · C[sym(Ce(τ)trialSJ0 )]. (A.0.41)
If I ∈ PA1 and J ∈ PA2 then
AIJ = SI0 · C[sym(Ce(τ)trialZJ0 (t))]. (A.0.42)
If I ∈ PA1 and J ∈ PA3 then
AIJ = SI0 · C[sym(Ce(τ)trialPJ0 (t))]. (A.0.43)
If I ∈ PA2 and J ∈ PA1 then
AIJ = ZI0(t) · C[sym(Ce(τ)trialSJ0 )]. (A.0.44)
If I ∈ PA2 and J ∈ PA2 then
AIJ = ZI0(t) · C[sym(Ce(τ)trialZJ0 (t))]. (A.0.45)
If I ∈ PA2 and J ∈ PA3 then
AIJ = ZI0(t) · C[sym(Ce(τ)trialPJ0 (t))]. (A.0.46)
If I ∈ PA3 and J ∈ PA1 then
AIJ = PI0(t) · C[sym(Ce(τ)trialSJ0 )]. (A.0.47)
If I ∈ PA3 and J ∈ PA2 then
AIJ = PI0(t) · C[sym(Ce(τ)trialZJ0 (t))]. (A.0.48)
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If I ∈ PA3 and J ∈ PA3 then
AIJ = PI0(t), ·C[sym(Ce(τ)trialPJ0 (t))]. (A.0.49)
Here
bI = τ I(τ)trial − τ Ic > 0 and xI ≡ ∆λ¯I > 0 if I ∈ PA1 (A.0.50)
for forward detwinning, and
bI = τ I(τ)trial + τ Ic < 0 and x
I ≡ ∆λ¯I < 0 if I ∈ PA1 (A.0.51)
for reverse variant orientation.
In addition, we also have
bI = σI(τ)trial − σIc > 0 and xI ≡ ∆γI > 0 if I ∈ PA2 (A.0.52)
for forward hpv reorientation, and
bI = σI(τ)trial + σIc < 0 and x
I ≡ ∆γI < 0 if I ∈ PA2 (A.0.53)
for reverse hpv reorientation.
We also have
bI = f I(τ)trial − f Ic > 0 and xI ≡ ∆ξI0 > 0 if I ∈ PA3 (A.0.54)
for forward A-M phase transformation, and
bI = f I(τ)trial + f Ic < 0 and x
I ≡ ∆ξI0 < 0 if I ∈ PA3 (A.0.55)
for reverse A-M phase transformation.
Equation (A.0.40) is a system of linear equations for the detwinning, hpv reorienta-
tion and A-M phase transformation increments xJ ≡ ∆λ¯I (for I ∈ PA1), xI ≡ ∆γI
(for I ∈ PA2) and xI ≡ ∆ξI0 (for I ∈ PA3).
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The following iterative procedure is based on the Singular Value Decomposition
(SVD) of the matrix A in equation (A.0.40). This procedure is used to determine
the active transformation systems and the corresponding detwinning, hpv reorien-
tation and A-M phase transformation increments. Calculate
x ≡ x+ = A+b, (A.0.56)
where A+ is the pseudo-inverse matrix of the matrix A; if the matrix A is not
singular, then the pseudo-inverse, A+, is the true inverse, A−1. If for any system
the solution xI ≤ 0 when bI > 0 (forward detwinning, forward hpv reorientation and
forward A-M phase transformation), then this system is inactive and it is removed
from the set of potentially active systems PA and a new matrix A is calculated.
Similarly, if xI ≥ 0 when bI < 0 (reverse detwinning, reverse hpv reorientation
and reverse A-M phase transformation), then this system is also inactive and it is
not included in the set PA used to determine the new A matrix. This iterative
procedure is continued until all xI > 0 when bI > 0 for forward detwinning, forward
hpv reorientation and forward A-M phase transformation, and all xI < 0 when
bI < 0 for reverse detwinning, reverse hpv reorientation and reverse A-M phase
transformation. The final size of the matrix A is M ×M , where M is the number
of active systems in the set A. The set A comprises of the set A1 which is the set of
active systems for the detwinning systems, set A2 which is the set of active systems
for the reorientation of the hpv systems and setA3 which is the set of active systems
for the A-M phase transformation systems. Therefore, A = A1⋃A2⋃A3.



















Step 8. Update the hpv system i volume fraction:
ξi(τ) = ξi(t) +
∑
rl
H irl∆γrl +∆ξi0, r < l, rl ∈ A2. (A.0.58)
If ξi(τ) > 1, then set ξi(τ) = 1 and if ξi(τ) < 0, then set ξi(τ) = 0.
Step 9. Update the lattice correspondent variant volume fraction λα(τ) within
each hpv system α :
First we determine the set PVi of hpv reorientation systems α that share the same
detwinning system i. Guided by the singular value decomposition method









, i ∈ A1, α ∈ PVi,
(A.0.59)
where χα(t) = sign(1 − λα(t)) for forward detwinning (∆λ¯i > 0), and χα(t) =
sign(λα(t)) for reverse detwinning (∆λ¯
i
< 0).











If ζ i(τ) > 1, then set ζ i(τ) = 1 and if ζ i(τ) < 0, then set ζ i(τ) = 0. Similarly If
ζ ic(τ) > 1, then set ζ
i
c(τ) = 1 and if ζ
i
c(τ) < 0, then set ζ
i
c(τ) = 0.
Step 11. Calculate the transition tensor for each hpv reorientation and A-M phase
transformation system Zrl0 (τ) and P
i
0(τ), respectively.







0 ⊗mi0 + (λi(τ)− λi0)ai0 ⊗wi0 (A.0.63)
Step 12. Compute the elastic deformation gradient Fe(τ) and the stress T∗(τ):
Fe(τ) = F(τ)(Fp(τ))−1, (A.0.64)
Ce(τ) = (Fe(τ))>Fe(τ), (A.0.65)
Ee(τ) = (1/2) {Ce(τ)− 1} , (A.0.66)
T∗(τ) = C[Ee(τ)−A(θ(τ)− θ0)]. (A.0.67)








for Martensitic Reorientation and
Detwinning Using
Small-strain-based Theory
In this appendix we list the rate-independent, small-strain-based version of the
theory shown in Chapter 2. The governing variables for the small-strain-theory-
based constitutive model are the same as the finite-deformation-based model ex-
cept that : (i) The deformation gradient, F is replaced by the total strain, E ≡
(1/2) (∇u+ (∇u)>) with u = y− x denoting the displacement vector, y the posi-
tion vector of the material point in the current configuration, and x the position
of the material point in the reference configuration. Here ∇ denotes the referential
gradient. (ii) The inelastic deformation gradient, Fp is replaced by the inelastic
strain, Ep. (iii) The elastic deformation gradient, Fe is replaced by the elastic
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strain, Ee = E− Ep.
The definitions of previously defined quantities in Section 2 hold in this section,
unless stated otherwise.
Free energy
Under isothermal conditions and in the fully-martensitic state the Helmholtz free
energy per unit volume is taken to be
ψ(Ee) = (1/2)Ee · C[Ee] + constants. (B.0.1)
Constitutive equation for stress










˙¯λi sym(ai0 ⊗wi0) +
∑
ij












H ijkγ˙jk, j < k with i = 1, .., P ; j = 1, .., P − 1; k = 2, .., P (B.0.4)
where P is the total number of hpv systems and the interaction matrix is given by
H ijk =

= 1 if i = j
= −1 if i > j and i = k
= 0 otherwise.
Detwinning/Reorientation/A-M phase transformation criteria
With τ i ≡ ai0 ·Twi0 representing the driving force on each lcv detwinning system i
154
, the lcv detwinning criteria are
φi+ ≡ τ i − τ ic = 0 and φi− ≡ τ i + τ ic = 0
for forward lcv detwinning ( ˙¯λi > 0) and reverse lcv detwinning ( ˙¯λi < 0), respec-
tively with the functions φi+ and φ
i
− restricted as follows :
φi+ ≤ 0 and φi− ≥ 0.
With σij ≡ T · Zij0 representing the driving force on each reorientation system ij,
the hpv reorientation criteria are
Φij+ ≡ σij − σijc = 0 and Φij− ≡ σij + σijc = 0
for forward hpv reorientation (γ˙ij > 0) and reverse hpv reorientation (γ˙ij < 0),
respectively with the functions Φij+ and Φ
ij
− restricted as follows :
Φij+ ≤ 0 and Φij− ≥ 0.
With f i ≡ T ·Pi0 −
hT
θT
(θ − θT ) representing the driving force on each A-M phase
transformation system i , the A-M phase transformation criteria are
Ψi+ ≡ f i − f ic = 0 and Ψi− ≡ f i + f ic = 0
for forward A-M phase transformation (ξ˙
i0
> 0) and reverse A-M phase transfor-
mation (ξ˙
i0
< 0), respectively with the functions Ψi+ and Ψ
i
− restricted as follows:
Ψi+ ≤ 0 and Ψi− ≥ 0.
Consistency conditions
The consistency conditions that serve to determine the lcv detwinning rates ˙¯λi are
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given as follows :
(1) If φi+ = 0, 0 ≤ ζ i < ζ ic and 0 < ζ ic ≤ 1 then
˙¯λi φ˙
i
+ = 0 for forward lcv detwinning (
˙¯λi > 0). (B.0.5)
(2) If φi− = 0, 0 < ζ
i ≤ ζ ic and 0 < ζ ic ≤ 1 then
˙¯λi φ˙
i
− = 0 for reverse lcv detwinning (
˙¯λi < 0). (B.0.6)












Similarly the consistency conditions that serve to determine the hpv reorientation
rates γ˙ij are given as follows :
(3) If Φij+ = 0, 0 ≤ ξi < 1 and 0 < ξj ≤ 1 then
γ˙ij Φ˙ij+ = 0 for forward hpv reorientation (γ˙
ij > 0). (B.0.7)
(4) If Φij− = 0, 0 < ξ
i ≤ 1 and 0 ≤ ξj < 1 then
γ˙ij Φ˙ij− = 0 for reverse hpv reorientation (γ˙
ij < 0). (B.0.8)












Finally the consistency conditions that serve to determine the A-M phase transfor-
mation rates ξ˙
i0
are given as follows :
(5) If Ψi+ = 0, 0 ≤ ξi < 1 and 0 ≤ ξ < 1 then
ξ˙
i0
Ψ˙i+ = 0 for forward A-M phase transformation (ξ˙
i0
> 0). (B.0.9)
(6) If Ψi− = 0, 0 < ξ
i ≤ 1 and 0 < ξ ≤ 1 then
ξ˙
i0

















The constitutive equations and a time-integration procedure for the small-
strain-based model have also been implemented in the ABAQUS/Explicit (ABAQUS, 2005)
by writing a user-material subroutine.
Using the set of material parameters {C, τ ic , σijc , f ic} calibrated in Chapter 3.1.1,
the path-change-tension-torsion simulation described in Chapter 3.1.1 using the
Taylor model (using the crystallographic texture shown in Figure 3.3(a) and a sin-
gle ABAQUS C3D8R element) was conducted with the small-strain version of our
model. The comparison of the stress-time responses for the simulations conducted
using the finite-deformation-based model versus the small-strain-based model in
tension and shear are shown in Figures B.1(a) and B.1(b), respectively. As ex-
pected, the two simulation results have almost identical stress-time responses since
the deformations are still relatively small. Therefore for practical purposes both
models will give similar stress-strain responses when applied to the deformation
of shape-memory alloys. However with that said, it is important to note that the
constitutive equations derived using the small-strain-based theory are not frame-
invariant.
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Figure B.1: The stress-time response of a path-change-tension-torsion Taylor model




C.1 Notion of Martensite Transformation
Both SME and SE are closely related to the martensite transformation, which is a
diffusionless phase transformation in solids and atoms move cooperatively, often by
a shear-like mechanism. The mechanism is schematically shown in Figure C.1 by
using a simplified model of a single crystal parent phase. Suppose a single crystal
parent phase (see Figure C.1a) was cooled below θms, martensite transformation
starts by a shear-like mechanism; this transformation and its corresponding reverse
transformation could also be triggered by an external stress field above θaf ((a) →
(b)→ (a)), which has been well recognized as the mechanism of SE. The structure
of an austenite-twinned martensite interface is shown in Figure C.1b with twin
boundaries and habit planes (parent phase-martensite interface). The marten-
site in region A and in region B have the same structure, but the orientations are
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different. These are called the correspondence variants of the martensites 1.
The normal and shearing vector (in the reference configuration) of twin boundary
between c.v. A and c.v. B, w and a, are schematically shown in Figure C.1f, along
with the shearing and normal vectors (in the reference configuration), b and m,
for the A-M interface, respectively.
Since the martensite has a lower symmetry, many variants can be formed from
the same parent phase by the combination of elongation, contraction and shear
along certain directions. At the temperature below θmf at free-stress state, the
martensites are formed with multiple favorable habit plane variants (hpv) in a
self-accommodated manner (see Figure C.1c), which is very effective in reduc-
ing strains upon martensite transformation. These c.v. are twined-related and
quite mobile. Thus, during mechanical deformation, the twin boundaries move so
as to accommodate the applied stress as shown in Figure C.1d. Some favorably
oriented variants grow under the applied stress, at the expense of the shrinkage of
the unfavorably oriented variants, which consequently changed the preferred grain
orientation (i.e., crystallographic texture). If the external stress is high enough,
it will become a single variant of the martensite under stress (see Figure C.1e).
Thereafter, when the temperature is raised and the martensite becomes unstable,
the reverse transformation from detwinned martensite to parent phase occurs. This
is the origin of SME. It is in this respect that martensite transformation is closely
related to SME and SE.
1In the present case, only c.v. A and c.v. B are shown for simplicity.
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C.2 Deformation Detwinning
Since martensite transformation is a first order transformation, it usually proceeds
by nucleation and growth of twinning or slip from the parent phase to reduce
its corresponding shape changes. Twinning and slip are introduced in martensite
transformation as a lattice invariant shear (LIS) in SMAs, which do not change
the structure of the martensite. In martensites, twinning and dislocations are fre-
quently observed under an electron microscopy, in particular, twinning are usually
introduced in SMAs as a LIS (see Otsuka and Wayman, 1999).
A twin is a region of a crystal in which the lattice orientation is a mirror
image of the orientation of the rest of the crystal. Normally the boundary between
the twin and the matrix lies in or near the mirror plane. Twins may form during
crystal growth (annealing process), but our concern is the mechanical twins formed
by uniformed shearing. Figure C.1g illustrates a sphere of material, the top half
having undergone a twinning shear. There are two material planes that remain
undistorted. The first undistorted plane, K1, is the ’twinning’ plane (i.e., the
mirror plane and the plane of shear). The second undistorted plane is denoted by
K2. The direction of shear is η1, the second characteristic direction, η2,lies in K2
and is perpendicular to the intersection of K1 and K2. The plane containing η1,
η2, and the normals to K1 and K2 is the plane of shear (see Hosford, 1993).
All of the twinning elements need not to be rational, and in crystals of low
symmetry classes they are not. They are several possibilities:
1. Type I twins:
• K1 and η2 are rational but K2 and η1 are irrational;
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• The two lattice vectors lie on the K1 plane, and the third lattice vector
is parallel to the η2 direction;
• The two crystals are related by a mirror symmetry with respect to the
K1 plane.
2. Type II twins:
• K2 and η1 are rational but K1 and η2 are irrational;
• The two lattice vectors lie on the K2 plane, and the third lattice vector
is parallel to the η1 direction;
• The two crystals are related by the rotation by pi around η1 axis.
3. Compound (rational) twins:
• K1, η2 and K2 and η1 are all rational;
• The two twin crystals have both symmetry characteristics.
C.3 Crystallographic Theory of Martensite (CTM)
In this dissertation, two types of SMAs are used: polycrystalline Ti-Ni and single
crystal NiMnGa. Compared with the cubic to tetragonal transition in NiMnGa, the
cubic to monoclinic transition in Ti-Ni breaks the symmetry more significantly 2,
hence here we take it for example to illustrate the Crystallographic Theory of
Martensite (CTM).
This theory neglects any elastic strains and assumes that martensites have a
set of transformation stretch matrix Ui and the austenite is unstrained, even in
2It can be shown that the cubic to tetragonal transition is a special case of cubic to monoclinic
transition, when α = γ and ϑ = 90o.
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the presence of stresses. Each positive-defined symmetric matrix Ui depends on
the transformation stretches, α, β and γ, and the monoclinic angle, ϑ, which are
related to the lattice constants of the two phases and will be discussed shortly. For
A-M phase transformation, there are two types of possible A-M microstructure: one
with a single variant of martensite coexisting with austenite; and the other with
twinned martensite coexisting with austenite. Since the stretch in the direction
normal to the shearing plane is general not equal to 1.0, the transformation is not
a pure shear. Thus all the single martensite variant microstructure for the cubic
to monoclinic transition in Ti-Ni are not compatible deformations to undeformed
austenite. Therefore the analysis of Ball and James (1987) show that the martensite
must be twinned in order to create approximate kinematic compatibility at a planar
austenite-martensite interface.
Now we consider a Ti-Ni SMA undergoing a structural phase transformation
from the cubic austenite phase to a low symmetry monoclinic martensite phase be-
low the transformation temperature, θms. There are twelve possible ways to trans-
form the cubic structure to the monoclinic structure. From Hane and Shield (1999)


































































The specific components of the stretches Ui are:
θ =
α(α + γ sin(ϑ))√
























The transformation stretches are α = a/a0, β = b/(
√
2a0) and γ = c/(
√
2a0),
where the lattice parameter of the cubic unit cell is a0 and the lattice parameters
of the monoclinic unit cell are a, b and c, and ϑ is the angle between the edges with
lengths a and c. The lattice parameter for the austenite phase is measured to be
ao = 3.015A˚. The lattice parameters for the monoclinic phase are measured to be
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a = 2.889A˚, b = 4.120A˚, c = 4.622A˚ and ϑ = 96.80o. Therefore the transformation
stretches are α = 0.9582, β = 0.9663 and γ = 1.0840.
Assume FA and FB are the deformation gradients on either side of a planar
martensite interface shown in Figure C.1f. Displacement across the twin bound-
aries and A-M interface must be continuous, which mathematically reduces to the
statement that FA and FB, must differ by a rank-one tensor. Hence the difference
between these two deformation gradients must be of the following form,
FA − FB = a⊗w. (C.3.1)
The interface between the two boundaries and kinematic compatibility across the
this interface requires,
RABUB −UA = a⊗w (C.3.2)
, where RAB is an orthogonal tensor and represents the relative rotation between
the two twins. The polar decomposition of a deformation gradient, F, into a rota-
tion times a pure stretch, RU, has also been used. In the equation, A, B represent
different choices of the integers {1 . . . 12}, representing 12 monoclinic martensite
variants in the cubic basis. The rotation is unknown because the transformation
only specifies the stretches. This equation admits three types of solutions which
are known as compound, Type I and Type II twins introduced in preceding section.
Compound twins have two planes of symmetry and this gives solutions for a and
w whose components are integers in the cubic basis. However, compound twins
only occurs between variants that have shears in the same plane. This results in
an average deformation in the martensite region that has a stretch of β in the di-
rection normal to the shear plane. Thus it is impossible for compound twins to be
kinematically compatible with austenite. Therefore, Type I and Type II solutions
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can exist and will be allowed.
Because both of these twins are composed of variants that have shears in dif-
ferent planes, it is possible to pick up a volume fraction, λ for variant B (so that
variant A has volume fraction (1 − λ)) such that the average deformation in the
martensite, given by
FAB = RH(λRABUB + (1− λ)RA) (C.3.3)
is kinematically compatible with the undeformed austenite. The rotation of this
average deformation is RH . Requiring kinematical compatibility between the aver-
age martensite deformation and the austenite is termed approximate compatibility.
It is useful to use the equation (C.3.2) to write
FAB = RH(UA + λa⊗w). (C.3.4)
The requirement that the twinned martensite be kinematically compatible with the
austenite can then be written,
FAB − I = b⊗m. (C.3.5)
where I is the identity matrix, which is the deformation gradient in the undeformed
austenite.
A solution to the crystallographic theory of martensite (CTM) problem is the
quantities {a,w,b,m,RAB,RH , λ} such that equation (C.3.2) and equation (C.3.5)
are satisfied for a given choice of A and B. If a matrix C, is known to be of the
form
C = (I+w′ ⊗ a′)(I+ a′ ⊗w′). (C.3.6)
and it is positive definite with a middle eigenvalue if 1 then Proposition 4 of Ball
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and James (1987) gives the vector (a)′ and w′ to be
a′ = ρ
√λ3(1− λ1)
λ3 − λ1 e1 + κ
√
λ1(λ3 − 1)











1− λ1e1 + κ
√
λ3 − 1e3) (C.3.8)
where λ1 ≤ (λ2 = 1) ≤ λ3 are the eigenvalues of C with the corresponding e1, e2
and e3. The constant ρ represents an invariant scaling of the solution and will be
used to choose unit normal vectors. The constant κ can take on the values ±1.
The procedure is to solve equation (C.3.2) first and then solve equation (C.3.5) by
constructing matrices of the form equation (C.3.6). Equation (C.3.7) and equa-
tion (C.3.8) then give explicit solutions.
To solve for the interface between the martensite twins, we form the matrix





and If equation (C.3.2) is satisfied then C has the form equation (C.3.6) and fol-
lowing identifications are made,




In this case ρ is chosen such that n is a unit vector, the two solutions equa-
tion (C.3.7) and equation (C.3.8) provide to equation (C.3.2) represent Type I and
Type II twins. Once equation (C.3.7), (C.3.8), (C.3.10) and (C.3.11) are used
to find a and w then the rotation RAB is found from equation (C.3.2) directly for
a given choice of κ. The value of κ used in equation (C.3.7 and (C.3.8) for the
solution to equation (C.3.2) will be called κ1.
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Once the twin interface is known then we can proceed to apply Proposition 4 of
Ball and James (1987) to determine the A-M orientation. In this case the matrix
C0(λ), given by
C = (UA + λw ⊗ a)(UA + λa⊗w), (C.3.12)
is of the form
C = (I+m⊗ b)(I+ b⊗m). (C.3.13)
if kinematic compatibility as represented by equation (C.3.6) is satisfied. Here λ
needs to be solved. Proposition 5 and 6 of Ball and James (1987) state that a
matrix of the form equation (C.3.13) has eigenvalues that satisfy the requirement
of Proposition 4 of Ball and James (1987) if the value of λ is root of the function
g(λ) = det(C0(λ)− I). (C.3.14)
Simplifying equation (C.3.14) yields to equation 5.56 in Ball and James (1987),
g(λ) = det(U2A − I) + (λ2 − λ)(|a2| − (detU2A)|U−A1a|2|U−1A n|2). (C.3.15)




λ3 − λ1 e1 + κ
√
λ1(λ3 − 1)











1− λ1e1 + κ
√
λ3 − 1e3) (C.3.17)
Note that the solution of λ must be in [0, 1]. Equation (C.3.3) and (C.3.5) are
then used to determine RH . Again the value of κ in equation (C.3.7) and equa-
tion (C.3.8) determines which of the two solutions to equation (C.3.5) for a given
value of λ is found. The value of κ used in equation (C.3.7) and equation (C.3.8)
when solving equation (C.3.5) will be called κ2. Thus there are two roots of g(λ) in
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[0, 1] and each root results in two solutions corresponding to the two values of κ2.
Thus, there are four A-M interfaces possible for a given martensite twin. There are
24 choices for A and B (omitting the compound twin case) and each pair can form
either a Type I or Type II twinned martensite corresponding to the two values of
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Figure C.1: Mechanism of martensite transformation; (a) original parent single
crystal, (b) thermal-induced (SME) below θms or reversible stress-induced marten-
site (SE) above θaf , (c) self-accommodated martensite below θmf , (d) deformation
in the martensite proceeds by the growth of one variant at the expense of the
other (i.e. twinning or detwinning), (e) single variant martensite at the ending
of detwinning. Upon heating to a temperature above θaf , each variant reverts
to the parent phase in the original orientation by the reserve transformation. (f)
schematic diagram of an austenite-twinned martensite transformation system, (g)
a homogeneously sheared hemisphere, and the definition of twin elements.
Appendix D




In this appendix we formulate a rate-dependent version of our crystal-mechanics-
based constitutive model for variant reorientation. The definitions of previously
defined quantities in Chapter 2 hold in this section, unless stated otherwise.
Free energy




Ee · C[Ee] + constants. (D.0.1)
Constitutive equation for elastic stress













Kinetic relation for the variant reorientation rate
Inequality (2.0.37) is also satisfied if we take








where ˙¯λio > 0 and mi with 0 ≤ mi ≤ 1 denotes the reference variant reorienta-
tion rate and the rate-sensitivity parameter, respectively. Note that the special








where sign(τ i) = sign( ˙¯λi) as obtained from inequality (2.0.40). Therefore the
kinetic relation for the variant reorientation rates can be concisely written as






for forward variant reorientation. (D.0.6)
• If τ i ≤ −τ ic , 0 < ξj ≤ 1 and 0 ≤ ξk < 1 then





for reverse variant reorientation. (D.0.7)
The quantities
{
τ i, τ ic , ξ
j, ξk, ˙¯λi
}
must also satisfy the following restrictions :
• If τ i < τ ic , or if τ i > −τ ic , then ˙¯λi = 0.
• If τ i = τ ic and ξj = 1, or if τ i = τ ic and ξk = 0, then ˙¯λi = 0.
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• If τ i = −τ ic and ξj = 0, or if τ i = −τ ic and ξk = 1, then ˙¯λi = 0.
Therefore the list of material parameters that needed to be calibrated are
{
C, τ ic , ˙¯λio,mi
}
.
The constitutive equations for the rate-dependent variant reorientation model has
also been implemented in the ABAQUS/Explicit(ABAQUS, 2005) finite-element
program by writing a user-material subroutine.
Based on the set of material parameters {C, τc} determined in Chapter 3.2, the
material parameters for the calculations with our rate-dependent model are listed
below:
• Elastic constants: Young’s modulus, E = 2.5GPa;
Poisson’s ratio, ν = 0.33.
• Variant reorientation resistance: τc = 0.1606MJ/m3.
• Reference variant reorientation rate: ˙¯λio = 0.01 s−1.
• Rate-sensitivity parameter: mi = 0.01
As described in Chapter 3.2, a simple compression and a simple tension sim-
ulation, staring with initially fully martensitic Variant 3 and Variant 2, respec-
tively, were conducted along direction-2 with the rate-dependent model calibrated
using a single ABAQUS C3D8R element. The comparison of the stress-strain re-
sponses for the simulations conducted using the rate-dependent model versus the
rate-independent model in compression and tension are shown in Figures D.1(a)
and D.1(b), respectively. As expected, the two simulation results have almost iden-
tical stress-strain responses, and the rate-dependent model generally over-predicts
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the stress-level. Therefore for practical purposes both models will give similar
stress-strain responses when applied to the variant reorientation of martensite.
The evolution of the martensite variant volume fraction with respect to strain
for the simulations conducted using the rate-dependent model versus the rate-
independent model in compression and tension is shown in Figures D.1(c) and D.1(d),
respectively. Comparing the corresponding simulation results with the rate-independent
model as shown in Figure 3.15(b) and Figures 3.20(b), we can see that the rate-
dependent model is also able to accurately capture the main feature of microstruc-
tural evolution in a single crystal shape-memory alloy undergoing variant reorien-
tation.
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Figure D.1: The comparison of the stress-strain responses for the simulations con-
ducted using the rate-dependent model versus the rate-independent model in (a)
compression starting with Variant 3 and (b) tension starting with Variant 2. The
evolution of the martensite variant volume fraction with respect to strain for the
simulations conducted using the rate-dependent model versus the rate-independent
model in (c) compression starting with Variant 3 and (b) tension starting with Vari-
ant 2.
Appendix E
Twinning Systems in NiMnGa
between Tetragonal Martensitic
Variants
In this appendix, we summarize the method we use to calculate the twinning sys-
tems in NiMnGa between tetragonal martensitic variants in Chapter 3.2. The
twinning systems, considering the transformation from the cubic austenitic phase
to the tetragonal martensitic phase in NiMnGa as shown in Figure E.1, are cal-
culated based on the Crystallographic Theory of Martensite (CTM) discussed and
summarized in Appendix C.
With the deformation gradient in the cubic austenite unit cell being set to
identity i.e. Fa = 1 and {e1, e2, e3} denoting the orthonormal cubic basis, the
deformation gradients that transform the austenite unit cell to the three martensite
variants are (Ball and James, 1987; Bhattacharya, 1991):
F1 = η2 e1⊗e1+η1 e2⊗e2+η1 e3⊗e3 (austenite to martensite variant 1), (E.0.1)
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F2 = η1 e1⊗e1+η2 e2⊗e2+η1 e3⊗e3 (austenite to martensite variant 2), (E.0.2)
F3 = η1 e1⊗e1+η1 e2⊗e2+η2 e3⊗e3 (austenite to martensite variant 3). (E.0.3)
Here η1 ≡ (a/ao) and η2 ≡ (c/ao) with ao and {a, c} representing the lattice
parameters for the cubic austenite phase and the tetragonal martensite phase,
respectively. Since there are three martensitic variants i.e β = 1, 2, 3, there will be
a total number of three variant reorientation processes i.e. transformation between
variant 1 and variant 2 (process 1), variant 1 and variant 3 (process 2), and variant
2 and variant 3 (process 3).
From the work of Bhattacharya (1991) the twin solutions between two tetrag-






1 [1 1 0] [1 1 0] Variant 1 ­ 2
2 [1 0 1] [1 0 1] Variant 1 ­ 3
3 [0 1 1] [0 1 1] Variant 2 ­ 3
4 [1 1 0] [1 1 0] Variant 1 ­ 2
5 [1 0 1] [1 0 1] Variant 1 ­ 3
6 [0 1 1] [0 1 1] Variant 2 ­ 3
where ni0 and a
i
0 are the unit normal to the twin planes and the shear directions,
respectively. Note that the twins are compound in nature. From the table above,













denotes the magnitude of the twinning shear on twin system
i. We can also see that the deformation due to twinning is volume-conserving i.e.




From experimental observations conversion from one variant to another pro-
gresses through the motion of only one out the possible two compound twin planes
(Tickle et al., 1999; Straka et al., 2004). Therefore, we shall henceforth assume
that there will be only three possibly active twin systems. We arbitrarily pick
twin system 1, twin system 2 and twin system 3 as potentially-active twin systems.






= 0, we have
ξ˙
1
= ˙¯λ1 + ˙¯λ2, ξ˙
2
= − ˙¯λ1 + ˙¯λ3 and ξ˙3 = − ˙¯λ2 − ˙¯λ3. (E.0.5)
Here ˙¯λβ represents the variant reorientation rate for variant reorientation pro-







Since we were unable to measure the cubic austenite and tetragonal martensite
lattice parameters for our material, we assume that the lattice parameters for the
austenite and martensite phase in our material to be similar to that shown in
Karaca et al.(2006): ao = 0.584nm, a = 0.595nm and c = 0.560nm. Hence the
magnitude of the twinning shear is determined to be γT = 0.1212.
Hence the twinning systems for NiMnGa we used for numerical simulation in












1 -0.7071 0.7071 0 0.0857 0.0857 0 Variant 1 ­ 2
2 -0.7071 0 0.7071 0.0857 0 0.0857 Variant 1 ­ 3


















Figure E.1: Austenite to martensite transformation of a single crystal NiMnGa
shape-memory alloy. The cubic parent austenitic phase can transform into three
tetragonal martensitic variants i.e. the [100] (Variant 1), [010] (Variant 2) and





on Single Crystal NiMnGa
In this appendix we summarize the experimental set-up and procedure we used for
the electrochemical polishing experiment on our single crystal NiMnGa. Note that
the surface quality of the workpiece after each electro-polishing experiment might
vary case by case since the it heavily depends on hands-on experience, metallurgy,
machining and surface impurities. Electropolishing is as much of an art as a science.
The surface of single crystal NiMnGa has to be perpetrated very carefully using
electropolishing before the simple compression experiment in order to investigate
the microstructural evolution of stress-induced martensitic variant reorientation.
The advantage of electropolishing over other methods of surface preparation and
especially mechanical abrasion is basically in obtaining an strain-free, unworked
surface, which is quite desirable to observe twins in single crystal NiMnGa.
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Electropolishing is an anodic dissolution process using an electrochemical reac-
tion. It can produce a smooth, bright, and reflective surface when the workpiece
(+) and tool electrode (-) are electrically charged through an electrolyte (usually
an acid solution). For different types of material, different electrolyte, DC voltage,
current density and ambient temperature are carefully chosen accordingly from
past experience. However, there is only few information available in the literature
about the experimental set-up and procedure for electro-polishing on NiMnGa. In
Ames Laboratory (US DOE Iowa State University), the electrolyte is a solution
of 1/3 nitric acid 2/3 methanol, and it is placed in a stainless steel beaker. The
beaker is put on a magnetic stirrer to stir the solution, and actively cooled by liquid
nitrogen to -60C before putting the sample in because NiMnGa will heat up the
system very quickly otherwise. The sample was hold with a stainless steel tweezers,
connecting anode (+) to tweezers and cathode (-) to the beaker, then sample is
placed in the electrolyte. Apply a DC voltage of 30-50V for 2-3 minutes, rinse
sample in bath of methanol and dry with forced warn air. Repeat the if necessary.
Soderberg et al. (2005) also mentioned that NiMnGa samples were wet sand-grit
ground and electro-polished in an ethanol solution of 25% nitric acid using a DC
voltage of 12V and a current density of 0.1Amm−2 at a polishing temperature of
263K for alloys having a transformation temperature close to room temperature.
Experimental set-up
The schematic illustration of experimental set-up for the electropolishing is shown
in Figure F.1(a). A 50ml acid-resistant polymer centrifuge tube, which can tolerate
a minimum temperature of 190K, was selected as the container for the electrolyte
(ethanol solution of 25% nitric acid). Since the polishing temperature is about
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210K, the tube was placed into a brass container, which was filled with granular
dry ice. The brass container was wrapped by cotton as an isolation layer to the am-
bient environment, and was placed in a foam dry ice box. A rectifier of maximum
voltage of 30V and maximum current of 20A was selected as the DC power supply.
A stainless steel U-shape tweezer was cut from a 1mm thick stainless steel plate and
fabricated according to the width of the workpiece, as shown in Figure F.1(b). The
tweezer, plate and an stainless steel thermal couple were fixed to an transparent
resin cover by drilling three holes on it. Note that this experimental setup have to
be placed on a stable and flat surface which is parallel to the ground.
Experimental procedure
1. One surface of the workpiece is first wet sand-grit ground by hand-grinding
to 1200 grit, and polished by 0.3µm aluminium powder.
2. The workpiece is then rinsed in a bath of ethanol solution and washed by
clear water to remove any oil or fingerprint.
3. The polymer centrifuge tube is filled with the electrolyte and inserted into the
granular dry ice hole. The stainless steel thermal couple is used to monitor
the cooling of the electrolyte.
4. From past experience, after 15-20 minutes the temperature of electrolyte is
usually stabilized at round 210K by using this experimental setup. Grip the
workpiece by the tweezer, face the target surface to the cathode plate, and
make sure the surface must be parallel to the plate.
5. The tweezer and the stainless steel plate are connected to the anode and
cathode of rectifier by two wires with maximum current of 15A, respectively.
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Set the initial output voltage of the DC power (rectifier) to be 20V and the
maximum output current to be 10A. The output switch is off.
6. Start the time-counter, lower the tweezer, plate and thermal couple together
with the transparent resin cover into the electrolyte. Note that the thermal
couple cannot touch either tweezer or plate and must be kept away from
workpiece at a certain distance. In addition, the top of the workpiece should
be lower than solution level by at least 2cm.
7. Switch on the output in the DC power supply. Monitor temperature reading
on the thermal meter: if the temperature of the electrolyte increase sharply,
switch off the output and take out the workpiece immediately.
8. Manually increase the output voltage according to the current density-voltage
curve shown in Figure F.1(c), in which the whole electropolishing process
can be generally divided into three steps: (1) etching (A→ B), (2) polishing
(B → C) and (3) pitting (C → D). The current tend to stabilize at an
approximate current density of 0.5Amm−2.
9. In about 2 minutes, the electropolishing on the workpiece finishes and the cur-
rent increases sharply again, which means pitting starts to dominate. Switch
off the power, take out the workpiece, rinse it in bath of methanol and dry
with forced warn air.
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Figure F.1: (a) Experimental set-up for electropolishing experiment on NiMnGa.
(b) The stainless steel U-shape tweezer, cut from a 1mm thick stainless steel plate
and fabricated according to the width of the workpiece. (c) The current density-





In this appendix, we summarize the time-integration procedure that we used for our
rate-dependent isotropic-based constitutive model for martensitic reorientation and
A-M phase transformation. With t denoting the current time, ∆t is an infinitesimal
time increment, and τ = t+∆t, the algorithm is listed as follows:
Given: (1) {F(t),F(τ), θ(t), θ(τ)}; (2) {T(t),Fp(t),Ee(t),N1(t),N2(t),B(t)};
(3) {∆γ(t),∆ξ(t)}; (4){ξ(t),Λ(t), ζ(t)}.
Calculate: (a) {T(τ),Fp(τ),N1(τ),N2(τ),B(τ)}; (b){∆γ(τ),∆ξ(τ)};
(c) {ξ(τ),Λ(τ), ζ(τ)}, and march forward in time.
The steps used in this procedure are :










Step 2. Calculate the internal variable tensor, B(τ ) :











Step 4. Calculate the elastic deformation gradient, Fe(τ) :
Fe(τ) = F(τ)Fp(τ)−1.
Step 5. Calculate the elastic strain, Ee(τ) :










i (τ) ri(τ)⊗ ri(τ),




i (τ)) ri(τ)⊗ ri(τ).
Step 6. Calculate the stress, T∗(τ) :
T∗(τ) = 2µEe0(τ) + κ(traceE
e(τ))1− 3καth(θ(τ)− θo)1.
Step 7. Calculate the driving force for martensitic reorientation, σ¯∗(τ) :
σ¯∗(τ) =
√
3/2 ²T |T∗0(τ)− µbB0(τ)|.
Step 8. Calculate the driving force for austenite ↔ martensite transformation,
f(τ) :




Step 9. Calculate the martensitic reorientation rate, ∆γ(τ) :









• For any other conditions, ∆γ(τ) = 0.
Step 10. Calculate the austenite ↔ martensite transformation rate, ∆ξ(τ) :






for austenite to martensite transformation.






for martensite to austenite transformation.
• For any other conditions, ∆ξ(τ) = 0.
Step 11. Update the martensite volume fraction, ξ(τ) :
ξ(τ) = ∆ξ(τ) + ξ(t).
If ξ(τ) > 1, then set ξ(τ) = 1. If ξ(τ) < 0, then set ξ(τ) = 0. When the RVE is
fully austenitic i.e. ξ(τ) = 0, we set N2(τ) = 0.





If Λ(τ) > 1, then set Λ(τ) = 1. If Λ(τ) < 0, then set Λ(τ) = 0.
Step 13. Update the effective variant volume fraction, ζ(τ) :
ζ(τ) = ξ(τ)Λ(τ).







Step 15. Update the Cauchy stress, T(τ ):
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Re(τ) = Fe(τ)Ue(τ)−1,
T(τ) = Re(τ) {(detF(τ))−1T∗(τ)}Re(τ)>.






θ(τ)∆ξ(τ) − 3καthθ(τ)(trace(∆Ee)) + σ¯∗(τ)∆γ(τ) + f(τ)∆ξ(τ)
where ∆Ee = Ee(τ) − Ee(t). The inelastic work increment is treated as the heat
source which causes heating/cooling at a material point during deformation.
Appendix H
Elastic Deployment of a
Balloon-expandable Stainless-steel
Stent in Plaqued Artery
Here we shall perform a finite-element simulation for the elastic deployment of a
balloon-expandable stainless-steel stent in plaqued artery in order to compare with
the effect of angioplasty by using a self-expandable biomedical stent during thermal
deployment in Chapter 5.2. Note that the geometry and initially undeformed
meshes for the stent, plaque and artery used in this numerical simulation are exactly
the same with those used for the self-expandable stent in Chapter 5.2. Moreover,
the material properties of the plaque and artery are also identical with those used
in Chapter 5.2. This aims to examine the difference in the thermomechanical
responses between two stenting systems, exclusively based on the material property
of each stent and respective angioplasty methodology.
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1. Materials and finite-element models
Model geometry
Here an additional balloon was created as an ideal tube and placed inside of the
stent. The balloon, as a medium to expand the stainless-steel stent, was meshed
by using 864 ABAQUS C3D8R elements with a length of 12mm, a thickness of
0.1mm and an outside radius of 0.5mm (Figure H.1(a)).
Material properties
The balloon-expandable stent is assumed to be made of 316L stainless steel, which
can be generally described as an isotropic thermoelastic plastic material with
isotropic hardening. The stress-strain curve of 316L stainless steel by using the
constitutive parameters given in Liang et. al. (1990) is shown in Figure H.1(b). A 2-
parameter first-order Mooney-Rivlin hyperelastic material model for polyurethane
(Chua et. al. 2002) was used to represent the balloon. The stress-strain curve for
the balloon by using the material parameters is shown in Figure H.1(c)
Step procedure and boundary conditions
The simulation for the implementation of a balloon-expandable stainless-steel stent
could also be divided into four steps: (1) the compression of stent; (2) the insertion
of crimped stent into the vessel; (3) the inflation of balloon; and (4) the deflation
of balloon.
The first two steps are identical to those in the simulation for the self-expandable
stent, except that initially the stainless-steel stent and balloon were kept at room
temperature of 295K. The initial finite element meshes and assembly of the stent-
ing system is shown in Figure H.2(a). After the balloon was deployed into the
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vessel together with the stent, a distributed pressure load was applied on the inner
surface of the balloon. Figure H.1(d) shows the load history of the inflation and
deflation process, which was carried out with the pressure varying in three stages,
i.e. pressure increasing, constant load pressure and pressure decreasing. The pres-
sure load increased gradually from 0MPa to its peak value, ppeak, within 30s and
then was held constant for 15s and then decreased to 0MPa within 30s. The bal-
loon expanded and caused the predeformed tube stent to expand during inflation,
followed by the recoil of the lumen during deflation until equilibrium was reached
between the radial strength of the stent and the radial compressive forces exerted
by plaque and artery.
Results and discussion
For the balloon-expandable stent simulation, a maximum balloon inflation pres-
sure, ppeak was chosen as 1MPa to make the final lumen radius approximately same
with that in the simulation for self-expandable stent in Chapter 5.2. The stenting
system, including stent, artery, plaque and balloon, in its deformed configuration
after each step is shown in Figure H.2(b)-(e), respectively. Note that the balloon is
not shown on the axial plane in Figure H.2(d) and Figure H.2(e) in order to make
it easier to compare the deformed shape of the stainless-steel stent with that of the
self-expandable stent in Figure 5.11(d).
Finally, the slotted stent was in force equilibrium with the plaque and artery
with a lumen radius of 9.12mm, which corresponded to an increase of 14% in radius
and 30% in lumen area. Figure H.3(a) and (b) show the residual stress distribution
in the plaque and artery in their deformed configuration on axial and longitudinal
plane, respectively, after the balloon is deflated. Moreover, we also notice that a
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maximum residual stress of 0.5MPa was localized at the same place on the plaque
with that in the simulation for the self-expandable stent.
Due to the elastic nature of plaque and arterial wall, the von Mises stress
reached its maximum of 4.5 MPa when the balloon is fully inflated. The stress
distribution in the plaque and artery on axial and longitudinal plane are shown
in Figure H.4(a) and (b), respectively. We notice that the lumen expansion ratio
of the balloon-expandable stent is 25% smaller than that of the self-expandable
stent in Chapter 5.2, whereas the maximum stress in the plaque during the elastic
deployment of the balloon-expandable stent is about 350% higher than that during
the thermal-deployment of the self-expandable stent. Hence, it could be expected
that at the same level of lumen expansion ratio for both types of stents, the risk
of plaque rupture for the elastic deployment of balloon-expandable stent is higher




































































(c)                                                                           (d)
(a)
(b)
Figure H.1: (a) The initial finite-element mesh of the balloon using 864 ABAQUS
C3D8R elements. (b) The stress-strain curve of 316L stainless steel by using the
constitutive parameters given in Liang et. al. (2005). (c) The stress-strain curve
for the balloon (polyurethane) by using the material parameters in Chua et. al.





























Figure H.2: (a) The initial finite element meshes and assembly of the stenting
system for the elastic deployment of a balloon-expandable stainless-steel stent.
(b) The deformed configuration at the end of each step in the simulation for the
elastic deployment of balloon-expandable stainless-steel stent: (a) compression of
the stent; (b) insertion of the crimped stent into the vessel; (c) inflation of the






















Figure H.3: The residual stress distribution within the plaque and artery on (a)






















Figure H.4: The stress distribution within the plaque and artery on (a) axial and
(b) longitudinal cross section, respectively, when the balloon is fully inflated.
